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1 Introduction

Estimating covariance matrices is a fundamental problem in multivariate statistical analy-
sis, with wide-ranging applications in fields such as finance, economics, meteorology, climate
research, spectroscopy, signal processing, pattern recognition, and genomics. In the realm
of finance, accurate covariance matrix estimates are essential for capturing dependencies
between asset returns — a crucial input for portfolio optimization and risk management.
Furthermore, many other statistical techniques rely on covariance matrix estimates, includ-
ing regression analysis, discriminant analysis, principal component analysis, and canonical
correlation analysis

Traditional estimation of the sample covariance matrix is known to perform poorly when
the number of variables, N, is large compared to the number of observations, 7. As the
concentration ratio N/T' grows, there are simply too many parameters relative to the avail-
able data points and the eigenstructure of the sample covariance matrix gets distorted in the
sense that the sample eigenvalues are more spread out than the population ones (Johnstone,
2001). The most egregious case occurs as N/T > 1, which causes the sample covariance ma-
trix to become singular (non-invertible). By continuity, this matrix becomes ill-conditioned
(i.e., its inverse incurs large estimation errors) as N gets closer to T.

In such situations it is desirable to find alternative estimates that are more accurate
and better conditioned than the sample covariance matrix. Regularization methods for
large covariance matrices can be divided into two broad categories: (i) methods that aim
to improve efficiency and obtain well-conditioned matrices, and (ii) methods that introduce
sparsity (off-diagonal zeros) by imposing special structures on the covariance matrix or its
inverse (the precision matrix). The first group includes linear shrinkage (Ledoit and Wolf,
2003, 2004), non-linear shrinkage (Ledoit and Wolf, 2012), condition-number regularization

(Won et al., 2013), and split-sample regularization (Abadir et al., 2014). Methods that



impose special structure include banding or tapering (Bickel and Levina, 2008b; Wu and
Pourahmadi, 2009) and thresholding (Bickel and Levina, 2008a; Cai and Liu, 2011; El Karoui,
2008; Rothman et al., 2009), which involves setting to zero the off-diagonal entries of the
covariance matrix that are in absolute value below a certain data-dependent threshold.

Bailey, Pesaran, and Smith (2019), hereafter BPS, develop an alternative thresholding
approach using a multiple hypothesis testing procedure to assess the statistical significance of
the elements of the sample correlation matrix; see also El Karoui (2008, p. 2748) who suggests
a similar approach. The idea is to test all pairwise correlations simultaneously, and then to
set to zero the elements that are not statistically significant. As with other thresholding
methods, this multiple testing approach preserves the symmetry of the correlation matrix
but it does not ensure its positive definiteness. BPS resolve this issue with an additional
linear shrinkage step, whereby the correlation matrix estimator is shrunk towards the identity
matrix to ensure positive definiteness. It must be emphasized that the BPS approach for
reducing the number of spurious correlations is also of interest in the classical “low N, large
T” setting.

The simultaneous testing of all pairwise correlations gives rise to a multiple comparisons
problem. Indeed if the multiplicity of inferences is not taken into account, then the prob-
ability that some of the true null hypotheses (of zero pairwise correlation) are rejected by
chance alone may be unduly large. A traditional objective in multiple testing is to control
the familywise error rate (FWER), defined as the probability of rejecting at least one true
null hypothesis. BPS use ideas from the multiple testing literature, but from the get-go
they state in their introduction (p. 508) that they “will not be particularly concerned with
controlling the overall size of the joint N(IN — 1)/2 tests” of zero pairwise correlations. The
simulation evidence presented in this paper reveals that the empirical FWER with BPS
thresholding can be severely inflated, resulting in far too many erroneous rejections of the

null hypothesis of zero correlation. This over-rejection problem is greatly exacerbated by the



presence of heavy tails, which obviously defeats the purpose of achieving sparsity.

Resampling techniques can be exploited to control the flood of Type I errors that arise
when many hypothesis tests are performed simultaneously. In particular, such techniques
can be used to account for the joint distribution of the test statistics and obtain multiple
testing procedures which achieve control of the FWER and other false positive error rate
measures; see Westfall and Young (1993), Romano and Wolf (2005), and Romano et al.
(2008). The primary goal of this paper is to extend the BPS multiple testing regularization
approach so that it is applicable to financial stock returns. Maintaining proper control of
the FWER in this context means that more spurious correlations are detected and greater
sparsity is induced. More specifically, this paper makes two main contributions.

First, a sign-based Monte Carlo resampling technique (Barnard, 1963; Birnbaum, 1974;
Dwass, 1957) is proposed to test pairwise correlations among stock returns. The theory in
BPS rules out the possibility of time-varying conditional variances and covariances — a well-
known feature of financial returns (Cont, 2001). In turn, the presence of such effects gives
rise to heavy tails and potential outliers in the distribution of returns. The procedures in this
paper are developed in a general framework that allows for the presence of heavy tails and
multivariate GARCH-type effects of unknown form. Indeed, the Monte Carlo resampling
scheme proceeds conditional on the absolute values of the centered returns, since only their
signs are randomized. The Lehmann and Stein (1949) impossibility theorem shows that such
sign-based tests are the only ones that yield valid inference in the presence of non-normalities
and heteroskedasticity of unknown form; see Dufour (2003) for more on this point.

Second, the resampling approach is used to develop both single-step and step-down test
procedures that ensure control of two error rate measures advocated by Lehmann and Ro-
mano (2005). The first of these measures is the k-FWER, defined as the probability of
committing k& or more Type I errors, which are commonly referred to as false positives or

false discoveries. Setting k& = 1 yields procedures controlling the traditional FWER used



in confirmatory research, where the goal is to test a set of hypotheses while rigorously con-
trolling the probability of making at least one false discovery. Simulation evidence reveals
that the power of the step-down 1-FWER test procedure is on par with that of the (FWER-
adjusted) BPS tests. The second error rate measure is the false discovery proportion (FDP),
which represents the proportion of rejected null hypotheses that are erroneously rejected.
Using the k-FWER (with k& > 1) and the FDP as multiple testing criteria allows for a more
lenient control over false rejections, thereby enhancing the ability to detect false null hy-
potheses. Unlike the traditional FWER, the k--FWER and the FDP offer a more nuanced
approach to hypothesis testing in exploratory research. In these contexts, rejected hypothe-
ses are generally not meant to be reported as end results, but are to be followed up with
further validation experiments, such as a subsequent out-of-sample performance evaluation;
see Goeman and Solari (2011).

Of course, the benefit of conducting multiple testing of correlations in terms of covari-
ance matrix regularization is expected to increase with the true degree of sparsity in the
population covariance matrix. In the context of stock portfolios, it is worth noting that
this regularization approach provides a measure of diversification when returns tend to be
positively correlated. Indeed the induced sparsity is expected to be proportional to the level
of portfolio diversification, since in this case a well-diversified stock portfolio is precisely one
in which the constituent assets demonstrate little or no correlation.

The rest of this paper is organized as follows. Section 2 presents the BPS multiple
testing regularization approach. Section 3 establishes the financial context and Section
4 develops the multiple testing procedures. Section 5 presents the results of simulation
experiments that compare the performance of the new regularization method to BPS and
other covariance matrix estimators. Section 6 further illustrates the large-scale inference
approach with an out-of-sample evaluation of portfolio optimization strategies. Section 7

offers some concluding remarks. All proofs, additional numerical results, and computing



times for the multiple testing procedures are provided in the Supplementary material.

2 Multiple testing regularization

Consider a sample covariance matrix 3= [0ij]nxn based a data sample of size T', and let =
[pij]nx N denote the corresponding correlation matrix with typical element p;; = 6,5/+/6::0;-
As usual the sample covariance and correlation matrices are related via I' = D~1/23D~1/2,

where D = diag(62, .. .,6%) with 62 = 6;;. The BPS regularization strategy aims to improve

3. by testing the family of M = N(N—1)/2 individual hypotheses H;; in the two-sided setting

Hi' 04 = 0 versus Hz/] P 045 7é O, (1)

forj=1,...,N—1and:=j+1,...,N, while controlling the FWER. The elements that
are found to be statistically insignificant are then set to zero. Instead of covariances, BPS
prefer to base inference on the sample correlations since they are all on the same scale. This
leads to multiple testing procedures that are balanced in the sense that all constituent tests
have about the same power (Westfall and Young, 1993, p. 50). Note that the entries of the
sample correlation matrix are intrinsically dependent even if the original observations are
independent.

There are two types of FWER control. To introduce these, define an index /¢ tak-
ing values in the set M = {1,... M} as j = 1,....N—1and i = j+1,...,N
so that Hy, = Hsy,...,Hn_y = Hyy,Hy = Hso,...,Hy = Hyn—i. Of these M
hypotheses tested, let R denote the number of hypotheses rejected. Furthermore, let
My = {¢ : Hyis true} denote the index set of true hypotheses. The number of false
positive decisions (i.e., the number of Type I errors) is denoted by F. Given the nomi-

nal significance level o € (0,1), the FWER is said to be controlled in the weak sense when



Pr (F > 1] (e He) = Pr (Reject at least one Hy | (e Hs) < v, where the conditioning
is on the complete null hypothesis that Mg = M or |[My| = M.! Strong control is achieved
when Pr(F > 1] N,en, He) = Pr(Reject at least one Hy, £ € Mo| (Nyepy, He) < o, re-
gardless of the partial null hypothesis (i.e., the particular intersection of hypotheses that
happens to be true).

The BPS thresholding estimator, denoted here by f‘Bps, has off-diagonal entries computed

as

PBPS,ij = Pijl {‘ﬁij| > T_I/QCa(N)} ) (2)

wherein 1{-} denotes the indicator function. The critical value ¢,(N) appearing in (2) is

given by

(M) = @7 (1 - 2f?N>> ’ )

where ®71(-) is the quantile function of a standard normal variate and f(IN) is a general
function of N chosen to ensure FWER < « in the strong sense. Observe that the term
T=Y2¢,(N) in (2) is a ‘universal’ threshold value in the sense that a single value is used to
threshold all the off-diagonal elements of the correlation matrix T Among other asymptotic
properties, BPS show that I'pps converges to the true I' as the sample size grows. As one
expects, the payoff in terms of noise reduction with this approach increases with the actual
number of zeros in T'.

When the number M of tested hypotheses is very large and/or when strong evidence is
not required, control of the FWER at conventional levels can be too stringent. In such cases
one may wish to control the k-FWER, with £ set to a value greater than 1 (Lehmann and
Romano, 2005). Control of the k--FWER can also be either weak or strong. Given a € (0,1)
and k € {1,..., M}, weak control occurs whenever Pr (F > k| (e He) < @ and strong

control is achieved when Pr (F > k| MNeer, Hy) < o

!The notation Pr(event | H) refers to the probability of the event occurring when H holds true.



The choice of k should be guided by the research objectives and the balance between
minimizing the risk of false positives and maximizing the discovery of true effects. If the
primary objective is to maintain strict control over Type I errors, then a constant, relatively
low value of k£ might be chosen regardless of the number of tested hypotheses. This ensures a
consistent level of control over false positives. Conversely, when there is room for a controlled
number of Type I errors and a desire to uncover more findings, a higher value of k£ might be
selected, for instance by letting £ increase with the number of tested hypotheses.

Another possibility considered in Lehmann and Romano (2005) is to maintain control of

the FDP, defined as
F/R, ifR>0,
FDP = (4)
0, if R=0.
The FDP thus represents the number of false rejections relative to the total number of
rejections (and equals zero if there are no rejections at all). FDP is a useful criterion when
the focus is on controlling the rate at which null hypotheses are incorrectly rejected. Note
that the FDP in (4) is a random variable, and FDP control focuses on its tail probabilities.
For given values of 7 € [0,1) and « € (0, 1) specified by the user, strong control (of the tail
probability) of the FDP means that Pr (FDP > ~| (\,cr,, He) < . The interpretation is
that, among the hypotheses that are rejected, the proportion of false discoveries may exceed
~ with probability no larger than a.
Control of the FDP is a reasonable practice especially in non-confirmatory settings, where
a certain proportion of false discoveries is considered acceptable. The choice of v, which
determines the acceptable rate of false discoveries, involves a trade-off. A lower ~ reduces
the risk of false discoveries but potentially missing some true effects. Indeed, setting v =0
is equivalent to controlling the conservative 1-FWER criterion. Conversely, increasing the
value of ~ allows for more discoveries but at the cost of accepting a higher rate of false

discoveries.



2.1 Positive definiteness

As with other thresholding methods, the matrix I'gpg obtained via (2) is not necessarily well-
conditioned nor even positive definite. BPS solve this problem by shrinking I'pps towards
Iy, the N x N identity matrix. Let )\min(f‘Bps) denote the minimum eigenvalue of f‘BpS and
set a limit € > 0 to avoid solutions that are too close to being singular.? The ‘shrinkage upon

multiple testing’ correlation matrix estimator is given by

Tpps(€) = €Ly + (1 — €)Tpps, (5)

with shrinkage parameter { € [&,1], where & = (e — )\min(f‘Bps))/(l — /\mm(f‘BpS)) if
)\min(f‘Bps) <e¢€ and & = 0 if )\min(f‘Bps) > €. Note that by shrinking towards the identity
matrix, the resulting correlation matrix estimate preserves the zeros (sparsity) achieved by
I'sps and its diagonal elements do not deviate from unity. The computation of (5) is made
operational by replacing £ by &*, which is found numerically as

£ = arg min fgl — fgés(f)

§o<E<1

where T is a reference matrix and ||A||p denotes the Frobenius norm of A3

Following Schifer and Strimmer (2005), the reference matrix Iy is found by applying the
linear shrinkage approach of Ledoit and Wolf (2004) to the sample correlation matrix, which
yields

Iy =0Ty + (1 -6,

2In the simulation experiments and empirical application, the limit was set as e = 0.01.
SRecall that for a matrix A with elements a;;, its Frobenius norm is defined as [|[A[|r = />, > ; aj;. In

the implementation, the value of £* was found by grid search with a step size of €/2.



where ()
~ ~ Pij(L—pP5,
) PPV [Pz‘j - %}
0*=1— i

Y- FP+ DY p - ¥}
’ * K 2T

i#] i#]

with the proviso that if 0* < 0 then 0% is set to 0, and if 0* > 1 then it is set to 1.4
The resulting covariance matrix estimate is given by Spps(€*) = DV2T'gpg(£*)DY2, wherein

T'gps (&%) corresponds to (5) evaluated with £*.

3 Financial context

Consider N financial assets with time-t returns r; = (ry4,...,7n)", fort =1,..., T, decom-
posed as
Iy = W+ €,
o (6)
where p = E(r;) = (,ul, o ,uN)/ is a vector of location parameters. The error g, =
(€145--.,en¢)" in (6) consists of an innovation vector z; satisfying Assumption 3.1 below, and

an unspecified N x N “square root” matrix 3,/” such that £;/*(2,/%) = &, = E(eie} | Fi-1),
where F;_y = (r}_;,r,_5,...). This framework is compatible with several popular models
of time-varying covariances, such as multivariate GARCH models (Boudt et al., 2019; Sil-

vennoinen and Terdsvirta, 2009) and multivariate stochastic volatility models (Chib et al.,

2009).

Assumption 3.1. The innovations {z;}._, are independently (but not necessarily

identically) distributed according to spherically symmetric distributions, with moments

4The analytical expression for 6* is an estimate of the optimal value of the shrinkage parameter that
minimizes E(||Ty — T'||%), assuming E(p;;) can be approximated by p;; — pij(1 — ﬁfj)/QT and Var(p;;) by
(1= p2;)%/T (cf. Soper et al., 1917). As Ledoit and Wolf (2003) explain, most shrinkage covariance matrix
estimators are based on such first-cut assumptions.



E(z¢| Fi—1) = 0 and E(zz) | Fr—1) =1y, fort=1,...,T.

This assumption means that z, admits the stochastic representation z, 4 Hz,;, where the
symbol 2 stands for an equality in distribution and H is any N x N orthogonal matrix such
that HH = HH' = Iy. This class includes the multivariate versions of the standardized
normal, Student ¢, logistic, and Laplace distributions, among many others (Fang et al., 1990).
When z; has a well-defined density, then Assumption 3.1 is equivalent to assuming that
the conditional distribution of r; is elliptically symmetric, meaning that its density has the
form \E;l/Q\f((rt — p)'2; ! (ry — p)) for some non-negative scalar function f(-). Elliptically
symmetric distributions play a very important role in mean-variance analysis (cf. Section 6)
because they guarantee full compatibility with expected utility maximization regardless of
investor preferences (Berk, 1997; Chamberlain, 1983; Owen and Rabinovitch, 1983).

In the context of (6), the complete null hypothesis is formally stated as
Hy: %" =D, (7)

fort =1,...,T, where Dz ?isa diagonal matrix (i.e., with zeros outside the main diagonal).
Observe that conditional heteroskedasticity is permitted under Hy; i.e., the diagonal elements
of D,}/ 2 may be time-varying. It is easy to see that when Assumption 3.1 holds and Hj is
true, the error vector &; = (€14,...,en,)" becomes sign-symmetric (Serfling, 2006) in the
sense that

= = Stet,
fort =1,...,T and for all N x N diagonal matrices S; with =1 on the diagonal.
Assumption 3.2. The unconditional covariance matriz ¥ = E (e,€}) exists.

With this assumption the sign-symmetry condition (g;,;¢) < (£ei4, £€5¢) implies 0;; = 0,

for i # j, where o;; is the (4, 7)™ element of ¥ (Randles and Wolfe, 1979, Lemma 1.3.28).
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4 Multiple testing procedures

Assume momentarily that the true value p* of p in (6) is known. For instance, with daily re-
turns it is often reasonable to assume that pu* = 0. The case of unknown location parameters

will be dealt with in Section 4.6.

Given the value of p*, centered returns can then be defined as y; = r, — u* =
(Y145 ---5ynye), for t =1,...,T, and these have the same properties as g;. The time series
of centered returns are collected into the 7" x N matrix Y = [yy,...,yr|. Following BPS,

inference is based on the pairwise correlations p;; = 6;;/1/0:0;; that constitute the matrix

~

I’ = [pij]nxn. This matrix can be obtained from the familiar relationship I = D /2xD-1/2

with D = diag(62,...,6%) and 62 = &;;, where 3 now comprises the variances and covari-
ances about the origin, computed as 6;; = T~! 23:1 YitYje, fori,5 =1,...,N.

Let S, = diag(514,...,8n¢), for t = 1,...,T, where §,;; are independent Rademacher
random draws such that Pr(s;; = 1) = Pr(5;; = —1) = 1/2, for each i,t. An artificial

sample Y = [y, ...,y7] with y, = (G1.ts---,Un,e) is then defined as

/

?: [g1y17---7STYT . (8)

If Assumption 3.1 holds and Hy is true, then Y % Y, for each of the 27N possible
matrix realizations of Y, given |Y|. Here |Y| is the matrix of entrywise absolute values
of Y. For a given artificial sample Y, let T = [pij]lnsn denote the associated correlation
matrix comprising the pairwise correlations about the origin p;; = &;;/ \/m , where 0;; =

_ T . .
T 1Zt:1 YitYje-

Proposition 4.1. Suppose that (6) holds along with Assumption 3.1, and consider Y gen-
erated according to (8). If Hy in (7) is true, then Pr(I' = T'|[Y]) = 1/27N. Furthermore

under Assumption 3.2, E(3;,9,.||Y]) =0, fori#j.

11



Proposition 4.1 shows that T is conditionally pivotal under H,, meaning that its sign-
randomization distribution does not depend on any nuisance parameters. In principle, critical
values could be found from the conditional distribution of I' derived from the 27V equally
likely values represented by I'. Determination of this distribution from a complete enumer-
ation of all possible realizations of T is obviously impractical. Following Zhu and Neuhaus
(2000), the algorithms developed next use a non-parametric Monte Carlo test technique in

order to circumvent this problem and still obtain exact p-values.

4.1 Unadjusted p-values

It is useful to first describe how to obtain the Monte Carlo p-values without multiplicity
adjustments, even if they are not used directly for multiple testing regularization. In-
deed, these raw p-values are the foundational blocks for the development of multiplicity-
adjusted p-values. Some additional notation will facilitate the explanation of the Monte
Carlo test technique. With a correlation matrix I' = [p;;]nxn as input, let p = vechs(I") =
(P21 -3 PN1, P325 - -5 PN.N—1) De the M x1 vector resulting from its strict half-vectorization
and let fill(-) denote the inverse function such that T' = fill(vechs(T")). Furthermore, let
(P1y-- o pm) = Vechs(f) so that |p| is the statistic for H,, £ =1,..., M.

Note that sampling according to (8) yields a discrete distribution of T values, which
means that ties among the resampled values can occur, at least theoretically. Following
Dufour (2006), these are dealt with by working with lexicographic (tie-breaking) ranks.
Algorithm 4.1 details the steps to obtain the unadjusted Monte Carlo p-values with B — 1

resampling draws chosen so that aB is an integer, where o € (0, 1) is the desired significance

level.
Algorithm 4.1 (Unadjusted Monte Carlo p-values).

1. Forb=1,..., B — 1, repeat the following steps:

12



(a) generate an artificial data sample Y, according to (8);

(b) compute the associated matrix of correlations about the origin T’y = [Dijn] NxN

and let (ﬁl,b, e 7ﬁM,b)/ = VeChS(Fb>.

2. Draw u, ~U(0,1), forb=1,..., B.

3. For{=1,..., M,

(a) create the pairs (|pe1],u1), .-, (|pe.5-1],uB-1), (|pe|, us), and compute the lexico-

graphic rank of |py| among the |p,|’s as
B-1 B-1
Ru(lpel) = 14> 1{|pe > |peal} + Y 1{1oe] = s} 1 {up > w};
b=1 b=1

(b) compute the unadjusted Monte Carlo p-value of |p,| as

B — Ry(lpe) +1
IE :

pullpel) =

Remark 4.1. As the next proposition shows, setting B = 20 is sufficient to obtain a test
with exact level 0.05. A larger number of replications decreases the test’s sensitivity to the
underlying randomization and typically leads to power gains. Unreported simulation results

reveal that increasing B beyond 100 has only a small effect on power.

Proposition 4.2. Suppose that (6) holds along with Assumptions 3.1 and 3.2. Then the

Monte Carlo p-values computed according to Algorithm 4.1 guarantee that Pr(py(|pe]) <

a|Hy) =a, ford=1,..., M.

The Monte Carlo p-values obtained from Algorithm 4.1 have the usual interpretation:
pu(|pe|) is the proportion of |p,| values as extreme or more extreme than the observed |py|

value in its resampling distribution.
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4.2 Single-step adjusted p-values for k--FWER control

Westfall and Young (1993) propose several resampling-based methods to adjust p-values so
as to account for multiplicity. Adjusted p-values are defined as the smallest significance
level for which one still rejects an individual hypothesis Hy, given a particular multiple test
procedure. Let k-max(|p|) denote the k™ largest value of |p|. So if the elements of |p| are
sorted in decreasing order as |pu)| > |p)| = ... > |pouy|, then k-max(|p|) = |pw)|-

A straightforward extension of Westfall and Young’s single-step (SS) mazT adjusted p-

values to the present context for k-FWER control yields the definition

pSs(1pel) = Pr (k-max(|pl) > |pel | Ho) (9)

for ¢ =1,..., M, where p = vechs(I') and H, is the complete null hypothesis in (7). When
k =1, (9) reduces to Definition (2.8) in Westfall and Young (1993). In words, this says that
the SS adjusted p-value is the probability that the k" largest absolute correlation in the

artificial data is greater than the observed absolute correlation in the actual data.

Lemma 4.1. Let m* = k-max(|p|) with p = vechs(T') and suppose that (6) holds along with
Assumptions 3.1 and 3.2. Then, under (7), mk L ik, where m* = k-max(|p|), p = vechs(T),
and T is computed from an artificial sample Y generated according to (8). Moreover, upon

application of Algorithm 4.1, it follows that Pr (ﬁU (mk) < af Ho) = Q.

Lemma 4.1 paves the way for the computation of the Monte Carlo version of (9) as
described next. The number of resampling draws B — 1 is assumed to be chosen so that aB

is an integer, where a € (0, 1) is the desired k-FWER.
Algorithm 4.2 (Single-step k-FWER-adjusted Monte Carlo p-values).

1. Forb=1,..., B — 1, repeat the following steps:

14



(a) generate an artificial data sample Y, according to (8);

(b) compute the associated matrix of correlations about the origin f‘b = [pijp]lNxN

and let p, = vechs(T);
(c) find my = k-max(|py|).
2. Draw up, ~U(0,1), forb=1,..., B.
3. For{=1,..., M,
(a) create the pairs (M, uy),..., (Mm% | up_1),(|pe],us), and compute the lexico-

graphic rank of |j,| among the m}’s as

B-1 B-1
Ris([pel) = 1+ ) 0 {lpel > i} + > 1 {lpel = i } 1 {up > wp};
b=1 b=1

(b) compute the SS adjusted Monte Carlo p-value of |p| as

sl = B s + 1
Aslinl) = = P02

Remark 4.2. Finding the k-max in Step 1-(c) can be done simply by sorting the elements
of |py| in decreasing order and then outputting the k™ element in the sorted array. This
selection problem can be solved in O(M log M) average time by sorting the M values using
a Quicksort or Heapsort algorithm. Alternatively, one can use the Quickselect algorithm,
which has an average-case time complexity of O(M); see Cormen et al. (2022, Ch. 9), among

others.

Proposition 4.3. Under (6) and Assumptions 3.1 and 3.2, Algorithm 4.2 has weak control

of the finite-sample k-FWER in the sense that Pr (Reject at least k hypotheses H,| Hy) = a.

The proof in Westfall and Young (1993, p. 53) that their SS adjusted p-values control the

FWER in the strong sense relies heavily on the assumption of subset pivotality. That is, they

15



assume that the joint distribution of unadjusted p-values under any partial null hypothesis
is identical to that under the complete null hypothesis. As noted by Westfall and Young
(1993, p. 43, Example 2.2) and Romano and Wolf (2005, Example 7), this assumption fails in
the context of testing pairwise correlations. However, as the next proposition shows, subset
pivotality is not a necessary condition for strong control; see also Romano and Wolf (2005),

Westfall and Troendle (2008), and Goeman and Solari (2010).

Proposition  4.4. Under (6) and  Assumptions 3.1 and 3.2,  Algo-
rithm 4.2  maintains  strong  control  of the  finite-sample k-FWER; 1i.e.,

Pr (Reject at least k hypotheses Hy, £ € M| Mecry Hy) < o

The proof of this result (given in the Supplementary material) makes clear that the SS

procedure becomes more conservative as the cardinality of M, decreases.

4.3 Step-down adjusted p-values for k-FWER control

A disconcerting feature of (9) is that all the p-values are adjusted according to the distribution
of the k™" largest absolute correlation. Potentially less conservative p-values may be obtained
from step-down adjustments that result in uniformly smaller p-values, while retaining the
same protection against Type I errors. The underlying idea is analogous to Holm’s (1979)
sequential refinement of the Bonferroni adjustment, which eliminates from consideration any
null hypotheses that are rejected at a previous step.®

With the absolute correlations |p1], ..., |pum|, let the ordered test statistics have index

values 7y, ..., mar 80 that |pr, | > |pry| > - . > |pry, |- To control the k-FWER, the definition

®Romano and Wolf (2005) discuss the idealized step-down method; see also Romano and Wolf (2016).
That method is not feasible with the resampling scheme developed here, because it is not possible to generate
artificial data that obey the null hypothesis for each possible intersection of true null hypotheses.
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of Westfall and Young’s step-down (SD) maxT adjusted p-values can be extended as follows:

p§D<|ﬁm’) = Pr(ﬁ@’f > |ﬁm| ‘ HO)? with mlf = k'maX(|ﬁ‘)v

P (1)) = Pr(mb > |pn,| | Ho), with b = mk,

pgD(|ﬁ7rk|) - Pr(mllz > |ﬁﬂk| | HO)? with mi - m??
Pl (1) = max | (16s, 1), Pr(ty > 1pmy,a | Ho) |

with /g, = mjn(mﬁ,gzkfﬂi'}i]\/{ P=1).

pgD(‘ﬁwD = max [pgD(‘ﬁﬂ'qu’ Pf(mlz Z |ﬁﬂ'e‘ |H0)]7

with ms = min(ﬁllg_l, Jax |ﬁ7rs|)7

Loy

péD(|/37rM|) = max |:pI§D(|pA7TM71|)7 Pr(mﬁ/l > |/37|'M| | HO)]» with mll\cd = min(mﬁ/l—h |157|'M|)’

(10)

wherein the sequence of index values 7, ..., T is held fized.b

Instead of adjusting all p-values according to the distribution of the £ largest absolute
correlation, this approach only adjusts the p-values for |pnx, |, |prl, - - -, |or, | using this distri-
bution. The remaining p-values in steps k£ + 1,..., M are then adjusted according to the
distributions of smaller and smaller sets of maximum absolute correlations, where the min
operator is used to ensure that m} < mj_; < k-max(|p|), for =k +1,..., M.

Note that the SD adjusted p-values have the same step-down monotonicity as the orig-
inal test statistics; i.e., smaller p-values are associated with larger values of the |py| test

statistics. This is obvious for p&y(|pm |); - -, PEp(|x,.|), since these p-values follow a single-

6That is, the adjustments are made by “stepping down” from the largest test statistic to the smallest.
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step adjustment. For ¢ = k+ 1,..., M, it is the application of the max operator (outside
the square brackets) at each of those steps that guarantees the remaining step-down mono-
tonicity. This approach can yield power improvements since the SD adjusted p-values are
uniformly no larger than their SS counterparts. When k = 1, Definition (10) simplifies to
Westfall and Young’s definition of SD adjusted p-values (cf. Ge et al., 2003, Eq. 15).
Extending Westfall and Young (1993, Algorithm 4.1, pp. 116-117) and Ge et al. (2003,
Box 2), Algorithm 4.3 below shows how to compute the Monte Carlo version of the SD
p-values defined in (10). Here again the number of resampling draws B — 1 is assumed to be

chosen so that aB is an integer, where a € (0,1) is the user’s desired k-FWER.
Algorithm 4.3 (Step-down k-FWER-adjusted Monte Carlo p-values).

1. With the actual data, get the index values 7y, ..., 7y that define the ordering |p,, | >
|I67r2| 2.2 ‘ﬁﬂﬂf"

2. Forb=1,..., B — 1, repeat the following steps:

(a) generate an artificial data sample Y, according to (8);

(b) compute the associated matrix of correlations about the origin T, = Dijbl NxN

and let p, = vechs(Ty);

(c) find the simulated successive maxima as

O = | Py bl

’ﬁﬁ,b = Inax ({Jﬁ-‘rl,b? |ﬁ7r[,b|)a for £ = M — 17 R k + 1a
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(d) refine these maxima as

i, = k-max(|pu)).

g, =mk,, for £ =2,... F,

mlg,b = min (m’Z_w ﬁﬁ,b), ford=k+1,..., M.
3. Draw u, ~U(0,1), forb=1,..., B.

4. For 4 =1,..., M,

(a) create the pairs (g, u1), ..., (M} g_y, up-1), (|px,|, up), and compute the lexico-

graphic rank of |pr,| among the mjg,’s as

B-1 B-1

RgD(|lﬁﬂe|) =1 + Z 1 {|:67Te| > m?,b} + Z 1 {|167T4| = mlz,b} 1 {uB > ub};
b=1 b=1

(b) compute the SD adjusted Monte Carlo p-value of |pr,| as

~ ~ B_Rk (|/37r‘)+1
(i) = 2 Finlrl 1

5. Enforce monotonicity of the p-values by setting

ﬁéD(szD <_]5§D(|ﬁ7rz|), fOIéZl,,,.,]{j,

ﬁéD(’ﬁWzD < max (ﬁgD“ﬁﬂe—l|)7ﬁ]§D(|[)7TZ|)) ) for £ =k + 17 ER) M.
6. In terms of the original indices, the p-values p&p(|p¢|), £ = 1,..., M, are recovered from
PEn (), - - - P& (| pryy |) Dy Teversing the mapping £ — 7.

Remark 4.3. This algorithm requires more operations than its single-step counterpart and

the bottleneck is obviously in Step 2. It is noteworthy, however, that for each replication
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the additional complexity in that step is linear in M. Indeed, relative to Algorithm 4.2, the
number of additional comparisons needed in Steps 2-(c) and 2-(d) has order O(M), since

each comparison only involves two elements.

Proposition 4.5. Under (6) and Assumptions 3.1 and 3.2, Algorithm 4.3 preserves strong

control of the finite-sample k-FWER.

Remark 4.4. Since pEy(|pe]) < pEs(]pe]), given the same underlying randomization (i.e.,
the same artificial samples Y,, b =1,...,B —1 and uniform draws uy, b = 1,... ,B) in
Algorithms 4.2 and 4.3, the SD adjustments will tend to be less conservative than their SS

counterparts as the set Mg shrinks.

Remark 4.5. Observe also from the definition of k-max(-) that ki-max(|p|) > ko-max(|p|)
as long as k; < ko. Comparing (9) and (10), it then becomes clear that pés(|pe]) —pp (|9e]) —

0 as k is increased, with the equality pEs(|pe]) = php(|pe|) holding when k = M.

4.4 Adjusted p-values for FDP control

Following Romano and Wolf (2007, Algorithm 4.1), control of the FDP in (4) can be achieved
by sequentially applying a k-FWER-controlling procedure, for £k = 1,2, ..., until a stopping
rule indicates termination. Whether Algorithm 4.2 or Algorithm 4.3 is employed, it is impor-
tant that the same underlying Yy, b=1,...,B—1, and u,, b=1,..., B, be used for each k
to ensure coherence of the resulting p-values. This can be done simply by resetting the seed
of the random number generator to the same value each time k is changed, as illustrated in
Algorithm 4.4 below.

The user first specifies the FDP exceedance threshold v € [0, 1) and chooses B so that
aB is an integer, where a € (0, 1) is the desired probability level. In the following, p%(|p|)

represents either pg(|pe|) or pEp(|pe]) computed according to Algorithms 4.2 and 4.3, re-
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spectively. Let seed be a value that will be used to set the seed of the random number

generator.”
Algorithm 4.4 (FDP-adjusted Monte Carlo p-values).
1. Initialize: k < 1. Set the seed of the random number generator to seed.

2. Apply the k-FWER-controlling procedure to get the p-values p&(|p1]),. .., 0E(Ipuml),

count the number of hypotheses rejected Ry, = 3 o, 1{p%(|pe|]) < o}, and store these

values.

3. If k> ~v(Rx + 1), stop. If this occurs because 7 = 0, then the FDP-adjusted p-values

are pY(|pe|) = 9% (|pe]), for £ = 1,..., M, where k* = 1.8 If stopping occurs with v > 0,

conclude that FDP-adjusted p-values cannot be produced.’
4. While k < v(Ry + 1) repeat the following steps:

(a) increment: k <— k + 1; reset the seed of the random number generator to seed,;

(b) apply the k-FWER-controlling procedure to get p¥(|p1]), ..., 75(|pal), compute

R, =" L{p%(|p¢|) < a}, and store these values.

5. Upon termination of the while loop (i.e., as soon as k > vy(Ry + 1)), the FDP-adjusted

p-values are pY(|pe]) = ¥ (|pe]), for £ =1,..., M, where k* = k — 1.

Proposition 4.6. Under (6) and Assumptions 3.1 and 3.2, the p-values pro-
duced by Algorithm 4.4 have control of the finite-sample FDP in the sense that

Pr (Fk*/Rk* > | mee/vlo Hg) < «, where Ry = Ze]\i1 ]l{ﬁ’;’*(

pe|) < a} is the total number
of rejections and Fy« is the number of false rejections made by the underlying k*-FWER-

controlling procedure.

"In the R programming language this can be done with the command set .seed (seed) where seed=8032,
for example.

8Recall that controlling the FDP with « = 0 is equivalent to controlling the 1-FWER.
9Algorithm 4.1 in Romano and Wolf (2007) does not consider the possibility that 1 > ~(R; + 1).
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Remark 4.6. Obviously the FDP-adjusted p-values p](|p¢|) produced by Algorithm 4.4 also
become more conservative as the cardinality of My decreases, just like pEs(|e|) and pEp (|pe])

upon which they rest.

For large M, Algorithm 4.4 can be exceedingly slow, since it finds £* by progressing
sequentially starting with £ = 1, then 2, and so on. The monotonicity of the underlying
k-FWER-controlling procedure can be further exploited to achieve important speed gains

via a bisection method, as follows.
Algorithm 4.5 (FDP-adjusted Monte Carlo p-values via bisection).
1. Initialize: k; < 1 and k, < M.

2. While k, — k; > 1, repeat the following steps:

(a) set ky, = [ (ki + k)/2], where |z] gives the greatest integer less than or equal to

x, and reset the seed of the random number generator to seed;

(b) apply the k,,-FWER-controlling procedure to get pr=(|p1]),..., 05 (|pan|) and
compute Ry, = > o0y T{pE (|pe]) < a};

(c) if k,, < y(Rk,, + 1) then set k; = k,,, otherwise set k, = ky,.

3. Proceed with Algorithm 4.4, replacing k < 1 in Step 1 by k < k.

The bisection method, known for its numerical robustness, is particularly well-suited to
handle the discontinuities within the underlying step function Ry. Steps 1 and 2 isolate the
largest value k; such that 1 < k; < k* < M and y(Ry, + 1) = v(Rg+ + 1). This is achieved
by successively narrowing down the interval in which k; lies through a process of halving at
each iteration of Step 2. The call in Step 3 to Algorithm 4.4, initialized with k;, then returns

PL(|pel), £ =1,..., M, with at most two iterations of the while loop in that algorithm.
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4.5 Covariance matrix estimators

The next step in the construction of the proposed multiple-testing regularized estimators is to
set to zero the statistically insignificant entries of the sample correlation matrix I = [ﬁij] NN,
defined previously. Let p5(|pi;]) represent either pis(|pi;1), PSn(10i51), Pds(1pi1), or Bap(1pi1)-
A correlation p-value matrix corresponding directly to I is given by fill (B(1p1l), - - 831 pnel))
10

with the diagonal elements set to zero.

The associated correlation matrix estimator I' = 42 ;;]vx v has entries given by

Poi; = Pl {B3(1pis]) < a}. (11)
These adjustments to the sample correlation matrix are made for 7 = 1,...,N — 1 and
1 =7+1,...,N; the diagonal elements of fg are obviously set as pg ;; = 1; and symmetry

is imposed by setting g3 ;; = pg ;- In contrast to the universal threshold critical value used
in (2) for each of the pairwise correlations, note that the p-values used in (11) are fully
data-driven and adapt to the variability of individual entries of the correlation matrix.
Proceeding to the shrinkage step in (5) of the BPS approach with I'¢ instead of T'gpg yields
the positive definite correlation matrix estimator I'S(£*) = &Iy + (1 — €)%, where £* =

. n 2 A
arg ming <¢<; |Tg' — I'S 1(§)HF, and the associated covariance matrix estimator %(£*) =

ﬁl/zfz(g*)f)l/;

4.6 Unknown location parameters

Observe that the null distribution generated according to (8) depends on p* in (6) only
through the subtractive transformations y;, = ry — p*, t = 1,..., 7. When the values
comprising p* are unknown, it will be assumed that they can be estimated consistently. Let

[ denote the equation-by-equation estimator of pu* obtained from a sample of size T'. For

0These zero diagonal values are irrelevant since the diagonal elements of ¥ are not tested.
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instance, this could be the sample mean. With fir in hand, the Monte Carlo procedures can
proceed as before except that y; = r; — fir replaces y; = r; — p*.

Let pij(per), 1 < j < i < N, denote the correlations estimated on the basis of Y =
[y1,...,¥yr). Since fir 2 p*, Slutsky’s theorem ensures that Yy3y< Y, under Hy, as
T — oo. From Zhu and Neuhaus (2000, Section 4) and Toulis and Bean (2021, Theorem
3), it then follows that the Monte Carlo p-values computed according to Algorithm 4.1 are
asymptotically valid in the sense that Pr(py(|p;;(fer)]) < a| Hy) = a+0,(1), for 1 < j <i <

N, as T'— oco. An immediate consequence is that the adjusted p-values computed according

to Algorithms 4.2-4.4 are also asymptotically valid, since they all rest on Algorithm 4.1.

5 Simulation experiments

This section examines the performance of the proposed Monte Carlo regularized covari-
ance estimators, with the BPS approach serving as the natural benchmark for compar-
isons. The simulation experiments are designed to resemble the empirical application pre-
sented in the next section. For this purpose the data-generating process for daily returns
r; = (r14,...,7ne) 18 specified as a CCC model (Bollerslev, 1990) of the form

ry = I"l’ + E;/2Zt7

3, = D/’TD,?,

where D; = diag(ait7 cee JJQW) is an IV x N diagonal matrix comprising the time-¢ conditional
variances, and I' is a constant conditional correlation (CCC) matrix. The vector p is set
to zero, but this is not assumed known and the multiple testing procedures are applied
with y; = r; — T, where T is the vector of sample means (cf. Section 4.6). The conditional
variances appearing in Dy evolve according to the standard GARCH(1,1) model o7, =

0o + 0177, + 0207, with common parameters across assets set as 6 = 0.01, 6; = 0.1,
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and 0, = 0.85. These are typical values found with daily returns data. The innovation
terms z;, are i.i.d. according either to the standard normal distribution, or the standardized
t-distribution with 12 or 6 degrees of freedom.

The correlation structure is defined as follows. Given a value §, 0 < § < 1, the vector
c = (c1,...,cn) is filled in with N. = |0N | non-zero elements drawn from the triangular
distribution on [0, 1] with mode at 1, and the remaining N — N, elements are set to zero.
The positions of the zero and non-zero elements within ¢ are random. Following BPS, this
vector is then used to obtain a well-defined correlation matrix as I' = Iy + cc¢’ — diag(cc’).
The complete null hypothesis in (7) is thus represented by § = 0 and increasing the value of ¢
towards 1 results in a smaller set M of true hypotheses. With I'" in hand, the unconditional
covariance matrix is then found as ¥ = DY/2I'D'/2 where D = diag(o?,...,0%) comprises
the GARCH-implied unconditional variances given by o7 = 6,/(1—60, —60y), fori = 1,..., N.
Vector sizes N = 25, 100, and 500, and sample sizes T' = 63, 126, and 252 are considered.

Following BPS, two choices are used to complete the definition in (3) of the universal
critical value: (i) f(N) = N2, which results in a more conservative adjustment; and (ii)
f(N) = N(N — 1)/2, representing the well-known Bonferroni rule. The results based on
these choices are labelled BPS, and BPS,, respectively.

In the application of the k-FWER procedures, reported as SS; and SDj, two heuristic
rules are considered: (i) k = |[log M| and (ii) k = |v/M|. These choices scale the allowable
number of Type I errors with the number of hypotheses being tested, allowing for a more
permissive approach to error control. The exceedance threshold in the FDP procedures,
whose results are reported as SS, and SD., is set at v = 0.1. The number of replications
for the Monte Carlo procedures is established with B = 100 and all the tests are conducted

with a = 0.05.
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5.1 Numerical results

Table 1 reports the empirical rejection rates of the FWER procedures. Panels A and B
report the empirical FWER and Panel C reports the empirical average power, defined as
the average expected number of correct rejections among all false null hypotheses (Bretz
et al., 2010, Section 2.1). Under the complete null hypothesis (6 = 0) the SS and SD test
procedures have identical rejection rates, indicated on the lines labelled SS/SD in Panel A.
It is seen that the SS (SD) procedure does a good job at keeping the FWER close to the
desired 5% value when § = 0. This case provides a comparison benchmark for the FWER
results in Panel B when 9 is increased to 0.9. These tests are seen in Panel B to also maintain
control of the FWER in the strong sense. Comparing Panels A and B shows that the SS
and SD test procedures become more conservative when the number of true null hypotheses
diminishes (4 increasing), as expected from the developed theory.

The BPS method also achieves good control of the FWER under normality. And just like
the SS and SD procedures, the BPS tests are seen in Panel B to also become conservative
as 0 reaches 0.9. However when the error terms are non-normal, the BPS approach tends
to spuriously over-reject. Table 1 reveals that the BPS over-rejection problem worsens as:
(i) the degree of tail heaviness increases (from ¢ to g errors), (ii) N increases, and (iii)
T increases. The most egregious instance occurs with 7" = 252 where the FWER with
BPS, and BPS; attains nearly 100% when N = 500 under ¢4 errors. This makes clear that
finite-sample FWER control with the BPS thresholding estimator based on ¢, (V) in (3) is
heavily dependent on normality, even as the sample size T" increases. Therefore in order to
ensure a fair comparison, all the power results for the BPS approach are based on strong
FWER-adjusted critical values.!

Panel C of Table 1 shows the power of the three FWER procedures when 6 = 0.9.

110Of course, the FWER-adjusted BPS method is not feasible in practice. It is merely used here as a
benchmark for the SS and SD procedures.
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Note that BPS, and BPS, have identical size-adjusted power, reported on the lines labelled
BPS,/BPS;. The results in Table 1 show that SS tends to be less powerful than SD, whose
average power is quite close to that of BPS, especially as the sample size grows and tail
heaviness increases. As expected, power is seen to increase with T, and to decrease as N
grows large and tail heaviness increases.

Table 2 reports the empirical rejection rates of the k-FWER procedures when § = 0.9.
In Panel A, the empirical probability of making k or more false rejections is effectively zero,
corroborating Propositions 4.4 and 4.5. Table 2 reveals that the average power of the k-
FWER procedures is higher when compared to the SS and SD results presented in Table 1.
In fact, in Panel B, both SSx and SDj, exhibit increasing power, with the gap between them
narrowing as k increases (cf. Remark 4.5).

The empirical exceedance probabilities and average power of the FDP procedures with
~v = 0.1 are reported in Table 3, again for the case where § = 0.9. Panel A shows that the
procedures effectively control the FDP criterion by ensuring that the empirical probability
of having a proportion of false discoveries exceed 7 is zero. From Panel B, it is clear that SS,
and SD,, tend to have the same average power as M grows large. Compared to the &-FWER
results in Table 2, the FDP procedures appear to reject more false hypotheses, particularly

when there is a large number M of hypotheses being tested.

6 Application to portfolio optimization

The proposed multiple testing procedures are further illustrated in this section with an
application to Markowitz portfolio optimization using daily stock return data downloaded
from the Center for Research in Security Prices (CRSP) for the period starting on January

1, 2004 and ending on December 31, 2021 (4531 observations).'? The considered problem is

120nly U.S.-based common stocks as identified via CRSP share codes 10 and 11 from the NYSE, NYSE
MKT, and NASDAQ exchanges are considered. Scheuch et al. (2023, Ch. 3) show how to access, filter, and
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that of an investor whose objective is to hold a global minimum variance (GMV) portfolio
based on N € {25, 100,500} stocks over the next 21 days, which is considered a “month.” As
Engle et al. (2019) and De Nard et al. (2022) argue in a similar context, the accuracy of the
covariance matrix estimators should be evaluated primarily by the out-of-sample standard
deviation achieved by the GMV portfolios. Nonetheless, there is also a significant interest
in exploring additional performance measures. This interest persists even when considering
that more realistic portfolio management scenarios would involve limitations on maximum
position, industry position, factor exposure, etc. (De Nard et al., 2022).

Let t;, refer to the day when the portfolio is initially formed and subsequent rebalancing
days. On those days the investor uses the returns from the past L € {63,126,252} days to
obtain ﬁ]tb, an estimate of the covariance matrix. The investor then uses ﬁ)tb to find the
GMYV portfolio weights wy, = (w14,,...,wn,) by solving the problem

min w'Yw
w
subject to ¢t'w =1, (12)

w >0,

with the assignment 3 < 32, , and where ¢ denotes an N x 1 vector of ones. The second con-
straint in (12) restricts each w; 4, to be non-negative, meaning that short sales are prohibited.
When short sales are allowed, the analytical solution to the GMV problem is 2;)11, /(¢ 2;)11,).
With the short-selling restriction, the GMV problem is a quadratic optimization problem
that can be solved numerically.'® Restricting short sales is equivalent to shrinking towards
zero the larger elements of the covariance matrix that would otherwise imply negative weights

(Jagannathan and Ma, 2003), offering an interesting point of comparison.

download daily CRSP data in small batches through a Wharton Research Data Services (WRDS) connection
using R.

13See Scheuch et al. (2023, Section 17.5) for a more detailed description of constrained portfolio optimiza-
tion along with R code.

28



With each choice of estimation window length L, the initialization ¢}, - 252 corresponds
to January 3, 2005, when the portfolio is first formed. This portfolio is then held for 21 days
and the resulting realized out-of-sample portfolio returns are wy, r., for 7 = t,+1,... ¢, +21.
After its initial formation, the portfolio is rebalanced on days t, < t, + 21. This process
yields 203 t,’s and 4263 out-of-sample returns. Rebalancing consists of finding new GMV
weights by solving (12) with the updated covariance matrix estimate based on the returns
from the last L days. Following Engle et al. (2019), the investment universe on days t, is
obtained by finding the N largest capitalization stocks with a complete return history over
the most recent L days and a complete return future over the next 21 days. This way the
composition of the investment universe evolves with each rebalancing day.

To obtain ﬁ]tb, it is natural to first consider the sample covariance matrix. Of course, the
other choices considered include the approaches based on FWER control (BPS,, BPS;, SS,
SD), the approaches based on k-FWER control (SDjoe 37 and SD | var J), and the approaches
based on FDP control (SS,, and SD.,, with v = 0.1), which proceed by testing the significance
of the M € {300,4950, 124750} distinct covariances in the rolling-window scheme.' The
effectiveness of those approaches is further assessed by comparing them to portfolios based
on two shrinkage covariance matrix estimators: (i) the linear shrinkage (LS) estimator of
Ledoit and Wolf (2004), which shrinks the sample covariance matrix towards the identity
matrix; and (ii) the non-linear shrinkage (NLS) estimator proposed by Ledoit and Wolf
(2015).1

The performance evaluation also includes the equally weighted (EW) portfolio, which
bypasses (12) altogether and simply sets @;,, = 1/N, i = 1,..., N. This naive portfolio is

a standard benchmark for comparisons; see DeMiguel et al. (2009) and Kirby and Ostdiek

14The nominal levels are set to a = 5% and B — 1 = 99 resampling draws are used in the computation of
the Monte Carlo p-values.

15Specifically, the Ledoit-Wolf shrinkage covariance matrix estimates are computed with the
linshrink_cov and nlshrink_cov commands available with the R package ‘nlshrink’ (Ramprasad, 2016).

29



(2012), among others. The final strategy considered is the volatility timing (VT) portfolio
with weights @w; ;,, = 6 ti / Zfil oy fb, 1 =1,..., N, which was suggested by Kirby and Ostdiek
(2012) as a competitor to EW. The VT portfolio can be seen as an aggressive form of
shrinkage that sets to zero all the off-diagonal elements of the sample covariance matrix.
Note that there is no estimation risk associated with the EW strategy, which helps reduce

the portfolio turnover. On the contrary, active strategies that generate high turnover will

suffer more in the presence of transaction costs. To see this, note that for every dollar

t

invested in the portfolio at time ty,, there are wiy, [[,_; 1,

(14 r;,) dollars invested in asset
1 at time ¢, for ¢ > t;, and as long as the portfolio is not rebalanced. Hence, at any time ¢

until the the next rebalancing occurs, the actual weight of asset ¢ in the portfolio is

w* - ajiytb Hi:tb—‘rl(l + Tiﬂ’)
'7t - N A~ .
' Z’Lil wi7tb Hi:tb-f—l(]' + rivT)

When rebalancing occurs, the portfolio turnover can be defined as TO, = Zf\il |@Wie — wiyl,
where @, ; is the updated weight for asset ¢ at rebalancing time ¢ = ¢;,. Denoting by x the
transaction cost in proportion to the amount of wealth invested, the proportional cost of
rebalancing all the portfolio positions is TC; = KTO; when ¢t = t},. Therefore, starting with
ty < 252 and a normalized initial wealth of W} = $1 on that first day, wealth subsequently

evolves according to

Wi <1 + ZZN:1 wz‘,m,tﬂ) (1—-TC), whent=t,,
Wiy =

Wi (1 + vazl Wf,m,tﬂ) ) when ¢ # t,,

fort =252,...,T—1, with the updating rule ¢, < t;,+21 to determine the rebalancing days.
The out-of-sample portfolio return net of transaction costs is then given by (W, — W)/ W,.

Following De Nard et al. (2022), « is set to 5 basis points to account for transaction costs.®

6French (2008) estimates the cost of trading stocks listed on the NYSE, AMEX, and NASDAQ), including
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For each portfolio strategy, the following out-of-sample performance metrics are com-
puted: (i) AV, the average return (annualized by multiplying by 252) in percent; (ii) SD,
the standard deviation of returns (annualized by multiplying by 1/252) in percent; (iii) IR,
the information ratio given as the annualized mean divided by the annualized standard de-
viation; (iv) TO, the average turnover; (v) MDD, the maximum drawdown in percent over
the trading period;'” and (vi) TW, the terminal wealth in dollars at the end of the trading
period. Tables 4 and 5 present the results for N = 100 and 500, respectively. (The results
with N = 25 are in the Supplementary material.) When N > L, the sample covariance
matrix is singular. Those cases are indicated with n/a in the tables.

Since a major objective of this paper is to show that the BPS approach can be improved
upon, the statistical significance of the standard deviation differential between a given port-
folio strategy and BPS, is assessed using the two-sided p-value of the prewhitened HACpw
method described in Ledoit and Wolf (2011) for testing the null hypothesis of equal standard
deviations.'® This is done for each (N, L) combination and whether short sales are allowed
or not. Observe that the performance of the EW portfolio is influenced by the choice of L,
since the composition of the investment universe on rebalancing days depends on the last L
and next 21 days. The main findings with respect to the out-of-sample standard deviation

can be summarized as follows:

e Compared to BPS,, the performance of the EW portfolio is always statistically worse.
In fact, all the GMV portfolios deliver lower standard deviations than the EW portfolio.
An exception occurs when short selling is allowed with N = 100 and L = 126 (Table

4, Panel A), where the sample covariance matrix misbehaves and performs worse than

total commissions, bid-ask spreads, and other costs investors pay for trading services. He finds that these
costs have dropped significantly over time “from 146 basis points in 1980 to a tiny 11 basis points in 2006.”
1TA drawdown refers to the loss in the investment’s value from a peak to a trough, before a new peak is
attained. MDD is thus an indicator of downside risk.
18Note that these p-values assess the significance of pairwise differences; they no dot account for the
multiplicity of tests.
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EW.

e In Table 4, the performance of “Sample” generally improves as L increases, achieving
statistically lower standard deviations than the BPS, strategy. As the investment
universe expands to N = 500 in Table 5, the sample covariance matrix is nowhere

available.

e The VT portfolio consistently performs worse than BPS,,, which suggests that this form

of shrinkage is too extreme.

e Turning to the multiple testing strategies, SS and SD are also seen to be too strict,
never outperforming BPS, by a statistically significant margin. Observe also that BPS,

does not generally perform any better than BPS,.

e The k-FWER procedure based on the |v/ M| rule is either comparable or better than
BPS,. In particular when short selling is prohibited, SSL v and SDL Nivi outperform

BPS, by a statistically significant margin.

e As N increases, the two FDP procedures tend to outperform the other multiple testing
strategies, and even more so under the short selling restriction. Indeed, Panels B
of Tables 4 and 5 reveal that the performance of SS, and SD, over BPS, is always

statistically better at the 1% level.

e When using the procedures for either k-FWER or FDP control, it is seen, as expected,

that proceeding with SS or SD tends to yield similar results as N increases.

e Consistently, the lowest standard deviation is achieved either by LS or NLS.

While minimizing volatility is a primary goal for a GMV investor, examining the other
metrics in Tables 4 and 5 offers a more comprehensive view of risk, return, and overall

performance. For instance, the TW columns reveal that wealth accumulated with LS and
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NLS strategies tends to be lower, especially when short selling is allowed. This can also be
appraised from the AV columns in Tables 4 and 5, which show the tendency of LS and NLS
to yield lower mean returns in comparison to the other portfolio strategies.

The EW portfolio generally results in the greatest accumulated wealth, owing to its near
zero turnover. As expected, however, this payoff involves greater risk as can be seen from
the SD and MDD columns. Indeed, the standard deviation under the EW strategy is seen
everywhere in Tables 4 and 5 to be statistically larger at the 1% level than under BPS,. And
the MDD, which indicates the most significant loss sustained during the trading period, is
exacerbated under the EW strategy.

The multiple testing strategies appear as “Goldilocks” solutions, striking a balance be-
tween risk and reward. In particular, when N = 100 and N = 500 and short selling is
prohibited (Panel B in Tables 4 and 5), the stricter SS strategy tends to result in greater
end-of-period wealth when compared to the other multiple testing strategies, as seen in the
TW columns. This is further corroborated by comparing SS with VT in Panel B of Table
5, where terminal wealth with the even more stringent VT portfolio is higher than with
the SS portfolio. On the other hand, the MDD columns reveal that the more lenient FDP
procedures (SSp;1 and SDg ;) generally offer better protection against downside risk.

Further insight into these results can be gleaned from Figures 1-3, which show the pro-
portion of correlations declared statistically significant by the multiple testing procedures
each time the portfolio is rebalanced, given an estimation window of length L = 252 days
and N = 500 assets. Figure 1 shows the results for the FWER procedures, Figure 2 for
the k-FWER procedures, and Figure 3 for the FDP procedures. The solid line in Figure 1
shows that among the FWER procedures, BPS, declares the greatest number of non-zero
correlations, followed by SD (dotted line), and then SS (dashed line). A comparison with
Figure 2 reveals that the number of significant correlations found with BPS, generally falls

in between SSq; and SSss3, except for the period from March 2020 to March 2021 when BPS,

33



is above SS353. And from Figure 3 it is clear that SSy; is most lenient in declaring non-zero
correlations.

Finally note that these figures provide a gauge of the portfolio’s overall diversification
profile under a given multiple testing criterion. An improved profile is indicated when the
lines dip; i.e., in periods when there are relatively fewer significant correlations among these
large-cap stocks whose prices typically move in tandem. It is interesting to observe that BPS,
surges above SS353 in March 2020, precisely when the World Health Organization declared
the COVID-19 outbreak a pandemic and stock market volatility soared (Baker et al., 2020).
This surge is likely due to the BPS approach’s tendency to produce spurious rejections when

confronted with non-Gaussian data conditions.

7 Concluding remarks

This paper has developed a sign-based Monte Carlo resampling method to regularize stock
return covariance matrices. Following BPS, the method begins by testing the significance
of pairwise correlations and then sets to zero the sample correlations whose multiplicity-
adjusted p-values fall above the specified threshold level. A subsequent shrinkage step ensures
that the final covariance matrix estimate is positive definite and well-conditioned, while
preserving the zero entries achieved by thresholding.

The multiple testing procedures developed in this paper extend the BPS approach by
offering strong control of the traditional FWER, the k-FWER, or the FDP, even in the
presence of unknown non-normalities and heteroskedasticity. While the conservative FWER
is arguably the most appropriate error rate measure for confirmatory purposes, the more
lenient k-FWER (with £ > 1) and the FDP may be preferred in exploratory settings where
less control is desired in exchange for more power. This was illustrated in an application

to portfolio optimization where the goal of multiple testing was not the rigorous validation
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of candidate hypotheses. Instead, it aimed to regularize stock return covariance matrices,
which were then evaluated for their influence on the out-of-sample performance of GMV
portfolios.

Code availability. An open-access implementation of the procedures developed in this
paper is available on GitHub at https://github.com/richardluger/CovRegMT. The R code

produces multiplicity-adjusted p-values and the associated covariance matrix estimates.
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Table 1. Empirical rejection rates of FWER procedures

Normal t12 t(,'
T = 63 126 252 63 126 252 63 126 252
Panel A: FWER (6 = 0)
N =25 (M = 300)
BPS, 1.2 1.9 2.1 4.7 11.0 11.8 26.0 42.3 56.4
BPS, 2.5 3.7 4.4 10.1 18.6 20.3 38.6 53.6 68.5
SS/SD 5.6 5.8 4.6 6.4 7.0 5.0 6.5 5.1 4.8
N =100 (M = 4950)
BPS, 0.6 1.7 3.2 5.8 14.6 23.3 29.1 65.0 87.4
BPS, 1.3 4.3 5.8 11.1 24.0 36.4 42.8 7.7 93.7
SS/SD 5.8 6.6 6.0 7.6 5.2 5.1 6.4 5.1 7.2
N = 500 (M = 124750)
BPS, 0.0 0.8 1.9 2.3 21.0 47.1 32.2 85.7 98.4
BPS, 0.3 1.6 4.4 4.9 33.1 61.0 45.7 93.3 99.5
SS/SD 6.8 5.4 4.8 5.5 5.1 5.8 7.4 5.8 4.5
Panel B: FWER (6 = 0.9)
N =25 (M = 300)
BPS, 0.4 0.6 0.5 1.4 2.1 2.7 5.9 9.7 14.5
BPS, 0.6 1.1 0.7 2.2 3.3 4.5 8.9 14.4 20.7
SS 0.0 0.0 0.0 0.2 0.0 0.0 0.2 0.0 0.0
SD 0.9 1.9 1.9 0.9 2.0 2.1 14 1.2 2.2
N =100 (M = 4950)
BPS, 0.0 0.2 0.4 0.7 2.9 3.6 7.0 19.0 30.0
BPS, 0.0 0.4 1.0 1.4 4.1 5.7 10.1 25.9 37.6
SS 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1
SD 0.2 0.8 1.9 0.2 0.9 0.9 0.7 0.8 1.1
N =500 (M = 124750)
BPS, 0.0 0.5 0.6 0.4 3.4 7.9 8.3 38.0 68.3
BPS, 0.1 0.8 0.9 0.7 5.4 12.9 14.0 47.8 76.4
SS 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0
SD 0.2 0.7 0.8 0.1 0.9 1.1 0.3 1.2 1.6

Panel C: Average power (§ = 0.9)
N =25 (M = 300)

BPS,/BPS, 538 698 806 489 644 769 407 578 69.1

SS 325 504 66.0 301 470 621 261 413 555

SD 455 646 786 419 604 745 363 531 674
N =100 (M = 4950)

BPS,/BPS, 432 614 753 389 561 706 305 455 599

SS 213 389  56.0 195 356  52.2 168  30.7 459

SD 344 557 722 308 505 674 257 425 584
N =500 (M = 124750)

BPS,/BPS, 337 532 696 201 465 624 195 330 449

SS 128 288  46.8 112 257 426 96 218  36.0

SD 238 460 653 207 403 588 166 323 473

Notes: Panels A and B report the empirical FWER, while Panel C reports the empirical average power, in
percentages, given a nominal FWER of 5%. The power results for the BPS procedures are based on strong
FWER-adjusted critical values.
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Table 2. Empirical rejection rates of k-FWER procedures when § = 0.9

Normal t12 le
T = 63 126 252 63 126 252 63 126 252
Panel A: k--FWER
N =25 (M = 300)
SSs 0.0 0.1 0.1 0.3 0.1 0.3 0.3 0.0 0.0
SDs5 0.1 0.2 0.3 0.3 0.3 0.5 0.3 0.0 0.1
SS17 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0
SDq7 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0
N =100 (M = 4950)
SSg 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0
SDg 0.0 0.1 0.0 0.0 0.0 0.0 0.2 0.0 0.0
SS70/SD7o 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
N =500 (M = 124750)
SS11 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
SDq; 0.0 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0
SS353/SD3s3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Panel B: Average power
N =25 (M = 300)
SSs 54.4 69.2 80.5 51.5 65.8 7.4 46.6 60.6 71.9
SDs5 55.8 70.9 82.0 52.8 67.5 79.1 47.7 62.0 73.5
SS17 67.6 79.3 87.4 65.1 76.5 85.3 60.5 72.1 81.0
SD17 67.7 79.4 87.5 65.2 76.6 85.4 60.6 72.2 81.2
N =100 (M = 4950)
SSg 40.6 57.6 71.6 37.8 54.2 68.1 33.6 48.3 62.3
SDg 41.9 59.8 74.0 38.8 55.9 70.3 34.3 49.6 63.9
SS70/SD7g 58.3 72.2 82.3 55.3 69.1 79.6 50.7 63.8 75.0
N =500 (M = 124750)
SS11 27.0 44.9 61.3 24.5 41.1 57.3 21.3 36.0 50.4
SD11 28.2 47.6 65.6 25.4 43.1 60.3 21.9 37.1 51.9
SS353/SD3s3 47.8 63.7 76.1 44.6 60.0 72.9 39.9 54.4 66.8

Notes: Panel A reports the empirical k--FWER and Panel B reports the empirical average power, in percentages,
given a nominal k-FWER of 5%. The SS;, and SD, results are based on the rules k = [log M| and k = [v/M|.
When the value of £ is large, the SS; and SDy, results converge, and in those cases the table presents the results
on the same line.
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Table 3. Empirical exceedance probability and average power of FDP procedures when 6 = 0.9

Normal tig tg

T = 63 126 252 63 126 252 63 126 252

Panel A: Exceedance probability
N =25 (M = 300)

SSo.1 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0

SDo 4 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0
N =100 (M = 4950)

SS0.1/SDo.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
N =500 (M = 124750)

SS0.1/SDo.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Panel B: Average power
N =25 (M = 300)

SSo.1 660 795  88.1 629 765 859 570 714 814

SDo 4 66.1  79.6  88.1 630 766  86.0 571 715 8L5
N =100 (M = 4950)

SS0.1/SDo.1 704 820  89.3 674 795 874 623 747  83.9
N =500 (M = 124750)

SS0.1/SDo.1 712 824 895 681 798 876 628 752  83.8

Notes: Panel A reports the empirical estimate of Pr(FDP > 0.1) and Panel B reports the empirical average
power, in percentages, given the nominal error criterion Pr (FDP > 0.1) < 5%. When the value of M is large,
the SSg.1 and SDg 1 results converge, and in those cases the table presents the results on the same line.
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Figure 1: Proportion of correlations declared statistically significant by the FWER proce-
dures over the trading period when L = 252 and N = 500 (M = 124750). The results with
BPS, are omitted due to their close resemblance to those of BPS,.
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Figure 2: Proportion of correlations declared statistically significant by the k-FWER pro-
cedures over the trading period when L = 252 and N = 500 (M = 124750). The results
with SDy; and SD353 are omitted due to their close resemblance to those of SS1; and SSss3,
respectively.
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Figure 3: Proportion of correlations declared statistically significant by the FDP procedures
over the trading period when L = 252 and N = 500 (M = 124750). The results with SDg 1
are omitted due to their close resemblance to those of SSg .
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Supplementary material for:

REGULARIZING STOCK RETURN COVARIANCE MATRICES VIA
MULTIPLE TESTING OF CORRELATIONS

Richard Luger*

Université Laval, Canada

Appendix A: Proofs

Proof of Proposition 4.1: From Theorem 1.3.7 in Randles and Wolfe (1979) it is known
that if Y £ Y and G () is a measurable function (possibly matrix-valued) defined on the
common support of Y and Y, then G(Y) lg (Y). The fact that the 27N possible values
(not necessarily distinct) of T' are equally likely values for T follows by taking G(-) to be the
correlation matrix function. Observe that (8) effectively conditions on |y; |, for all ¢, ¢, since

only the signs are randomized. The zero covariance property in Proposition 4.1 follows from

the independence of the Rademacher draws used to generate Y. U
Proof of Proposition 4.2: Proposition 4.1 implies that the pairs
(Ipeal,wr), -, (|pe,s=1l,uB-1), (|pe|,up) are conditionally ezchangeable under Hy, given

|Y|. This means that Pr(Ry(|p/|) = b||Y]|) = 1/B, for b = 1,..., B, when H, holds true,
since the lexicographic ranks of B exchangeable pairs of random variables are uniformly
distributed over {1,...,B}. The stated result then follows on applying Proposition 2.4 in
Dufour (2006) or Lemma 1 in Romano and Wolf (2005), and integrating out over |Y|. [

Proof of Lemma 4.1: Again this is immediate from Theorem 1.3.7 in Randles and Wolfe
(1979), this time letting G(-) be the composition of the k-max(-), vechs(-), and correlation
matrix functions. Then one simply applies Proposition 2.4 in Dufour (2006) or Lemma 1

in Romano and Wolf (2005) upon recognition that (¥, uy), ..., (Mm% _,,up_1), (M* up) are

*Correspondence to: Department of Finance, Insurance and Real Estate, Laval University, Quebec City,
Quebec G1V 0A6, Canada.
E-mail address: richard.luger@fsa.ulaval.ca.



conditionally exchangeable under Hy, given |Y|. Integrating out over |Y| concludes the

proof. O

Proof of Proposition 4.3: Let k-min(pls(|p1]), ..., pE(|pm])) = Phs(|puy]) be the k™
smallest value when the p-values are ordered as pkg(|pm)|) < ps(1o2)]) < ... < BEs(1pan )
Rejecting Hy, when pEq(|p¢]) < @ means that

Pr (Reject at least k hypotheses H, | Hy) = Pr (At least k p-values pls(|pe]) < a| Ho)

= Pr (bemin (P (). (1) < | o

= Pr (ju(remax(1) < | )

where the last line follows from the equivalence

Limin o). sl < 0} = {po(max(o) <o},

assuming the same artificial samples Y,,b=1,...,B—1, and uniform draws uy, b = 1, ..., B,
are used in Algorithms 4.1 and 4.2. Lemma 4.1 shows that Pr (py(k-max(|p|)) < a) = «

under Hj, which establishes the intended result.

Proof of Proposition 4.4: From the cardinality relationship |M,| < |M|, it is straight-

forward to see that the inequality
kemin (B (1)) : £ € M) < kemin (s (16l + € € Mo)

always holds. Then, since Hy C (), He (., {Ho true} = {[\,cpy, He true}), for every
possible choice My, it follows that

Pr(k‘—min(ﬁés(ng A /\/lo> <« ‘ ﬂ Hg) < Pr(k:—min(ﬁgs(me e ./\/l> <« | H0>,
LeMo
wherein the left-hand side equals Pr (Reject at least k hypotheses Hy, £ € M| (e Mo Hg),
while the right-hand side equals a by virtue of Proposition 4.3. Therefore, the probability of
k or more false rejections occurring under the partial null hypothesis (), H¢ is bounded

from above by the probability of k£ or more false rejections occurring when the more restrictive

2



Hy is imposed. U
It is interesting to note that the logic of this bound is similar to that of the bounds Monte
Carlo test in Dufour and Khalaf (2002, Theorem 4.1); see also Dufour (1989).

Proof of Proposition 4.5: To see first that Algorithm 4.3 has weak control of the k-FWER,

note the equivalence
{Reject at least k hypotheses Hy} <= {p&p(|pn.|) < o}

and the implication

mf = k-max(|p|) = Pk (|pm.|) = pu (k-max(|p])),

which holds by construction, conditional on the same underlying Y, b=1,....,B—1, and
up, b=1,..., B, being used in Algorithms 4.1 and 4.3. Therefore the SD adjustments from
Algorithm 4.3 ensure that Pr (Reject at least k hypotheses H, | Hy) = Pr (pu(k-max(|p|) <
a| HO) = «, where the last equality holds by virtue of Lemma 4.1.

Next, observe that the monotonicity-enforced p-values (from Step 5 of Algorithm 4.3)

ensure the following equality:
ﬁgD(‘ﬁmD = k—min(ﬁgD(lﬁll), e >ﬁ]§D(’/§MD)7
wherein the right-hand side satisfies the inequality
k—min(ﬁgD(lﬁgD e M) < k—min(ﬁgD(mg\) L e M0>,

since [Mo| < [M|. As seen before Hy C (4, He, for every possible choice My, which here

implies the following probability inequality:

Pr(k’-min(ﬁlgD(\ﬁgD e Mg) <« ‘ ﬂ Hg) < Pr(k—min(ﬁgDOﬁg\) e M) <« ’ H0>,
LeMy

where the left-hand side equals Pr (Reject at least k hypotheses Hy, £ € M, | ﬂéeMO Hg),



while for the right-hand side it is the case that
Pr(k—min(ﬁéD(\ﬁg]) e ./\/l) <a| HO) = Pr(ﬁ’S“D(\ﬁ,,k]) <« H0> = q,

by virtue of weak control. Once again, the probability of k or more false rejections occurring
under (), M, He 1s bounded from above by the probability of k& or more false rejections

occurring under the restrictions of the global intersection null hypothesis, H. O

Proof of Proposition 4.6: The use of a k-FWER-controlling procedure at each step of
Algorithm 4.4 ensures that Pr(Fy- > k* | (o, He) < @, which implies Pr(Fy > v(Ry- +
1) | Neeamq, He) < asince k* < (R« +1) by construction. This last probability statement is
equivalent to Pr(Fy-/(Rp«+1) > 7| ey, He) < v, which in turn implies that Pr(Fj- /Ry« >
Y1 Neerry He) < a. From the definition of k-max(-) it is easy to see that the k-FWER-
controlling procedure is a monotone increasing function of k£, meaning that k1 < ko = Ry <

Ry.! The value k* is thus the largest value of k such that k < v(Rj, + 1), giving the tightest

possible bound. U

Appendix B: Additional numerical results

Table B1 reports the average Frobenius norm of the matrix losses A(3, X) = 3 — % for the
covariance matrix estimators obtained from the FWER, k-FWER, and FDP test procedures.
To further the comparisons, the table also reports the Frobenius norm losses for the sample
covariance matrix (Sample) and two shrinkage covariance matrix estimators. The latter
are based on the linear shrinkage (LS) method of Ledoit and Wolf (2004) that shrinks the
sample covariance matrix towards the identity matrix, and the second one uses the non-linear
shrinkage (NLS) estimator proposed by Ledoit and Wolf (2015).? The LS and NLS methods

are seen to perform particularly well as N increases.

!In fact, any hypothesis rejected by the k;-FWER procedure is also rejected by the ky-FWER procedure.
2Specifically, the Ledoit-Wolf shrinkage covariance matrix estimates are computed with the
linshrink_cov and nlshrink_cov commands available with the R package ‘nlshrink’ (Ramprasad, 2016).
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Table B1. Frobenius norm losses of regularized covariance matrix estimators when § = 0.9

Normal t12 t(;
T= 63 126 252 63 126 252 63 126 252

Panel A: N =25 (M = 300)
Sample 1.0 0.8 0.6 1.2 0.9 0.7 14 1.2 0.9
LS 1.0 0.8 0.6 1.2 0.9 0.7 1.3 1.2 0.9
NLS 1.0 0.8 0.6 1.1 0.9 0.7 1.4 1.2 0.9
BPS,/BPS, 1.4 1.0 0.7 1.5 1.2 0.8 1.7 1.5 1.1
SS 1.7 14 1.0 1.7 1.5 1.2 1.9 1.7 14
SD 1.5 1.1 0.7 1.6 1.3 0.9 1.8 1.5 1.1
SSs 1.4 1.0 0.7 1.5 1.2 0.8 1.7 14 1.0
SDs 1.4 1.0 0.7 1.5 1.1 0.8 1.6 1.4 1.0
SSq7 1.2 0.9 0.6 1.3 1.0 0.7 1.5 1.2 0.9
SDq7 1.2 0.9 0.6 1.3 1.0 0.7 1.5 1.2 0.9
SSo.1 1.2 0.9 0.6 1.3 1.0 0.7 1.5 1.2 0.9
SDg.1 1.2 0.9 0.6 1.3 1.0 0.7 1.5 1.2 0.9

Panel B: N =100 (M = 4950)
Sample 4.1 3.2 2.4 4.8 3.7 2.8 5.4 4.4 3.4
LS 4.0 3.1 2.4 4.6 3.7 2.8 5.2 4.3 3.3
NLS 3.8 3.0 2.3 4.5 3.6 2.7 5.2 4.3 3.3
BPS,/BPS, 7.9 7.4 6.5 8.0 7.5 6.9 8.3 7.9 7.5
SS 8.4 8.1 7.7 8.4 8.1 7.8 8.6 8.3 8.0
SD 8.1 7.6 6.8 8.2 7.7 7.1 8.4 8.0 7.6
SSs 8.0 7.5 6.9 8.0 7.6 7.1 8.2 7.9 7.4
SDg 7.9 7.4 6.7 8.0 7.6 6.9 8.2 7.8 7.3
SS70/SD7g 7.4 6.6 5.4 7.5 6.8 5.9 7.8 7.3 6.5
SS0.1/SDg.1 6.6 5.2 3.4 6.8 5.6 4.0 7.2 6.3 5.0

Panel C: N =500 (M = 124750)
Sample 19.9 15.6 11.5 22.8 17.8 13.1 27.0 21.7 17.1
LS 19.6 15.5 11.5 22.1 17.5 13.1 25.6 20.8 16.8
NLS 18.5 14.8 10.9 21.2 16.9 12.5 25.6 20.8 16.6
BPS,/BPS, 44.0 43.5 42.7 44.1 43.7 43.1 44.4 441 43.8
SS 44.4 44.2 43.8 44.5 44.2 43.9 44.6 44.3 441
SD 44.2 43.8 43.0 44.3 43.9 43.3 44.4 441 43.8
SS11 44.2 43.8 43.3 44.2 43.9 43.4 44.3 441 43.7
SDq; 44.1 43.7 43.0 44.2 43.8 43.3 44.3 44.0 43.6
SS353/SD3ss 436 429 419 437 431 422 439 434 427
SS0.1/SDg.1 41.6 39.4 35.6 42.0 40.1 36.9 42.5 411 38.8

Notes: The results for the BPS procedures are based on strong FWER-adjusted critical values. The results for
the k-FWER. procedures, SS;, and SDy, use k = [log M| and k = [v/M |; while those for the FDP procedures,
5SS+ and SD,, use v = 0.1. When the value of M is large, the SS and SD results converge, and in those cases the
table presents the results on the same line.
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Appendix C: Computation times

Table C1.
N =100 (M = 4950) N =500 (M = 124750)

T= 63 126 252 63 126 252
SS 0.2 secs 0.3 secs 0.4 secs 9.9 secs 11.9 secs 15.5 secs
SD 0.2 secs 0.3 secs 0.4 secs 10.7 secs 13.0 secs 16.7 secs
SS|10g M| 0.2 secs 0.3 secs 0.4 secs 9.9 secs 12.0 secs 15.4 secs
SD |10g M| 0.2 secs 0.3 secs 0.4 secs 10.9 secs 12.9 secs 16.4 secs
SS| 1) 0.2 secs 0.3 secs 0.4 secs 10.0 secs 12.0 secs 15.7 secs
SDL\/MJ 0.2 secs 0.3 secs 0.4 secs 10.8 secs 12.9 secs 16.8 secs
SSo.1 2.8 secs 3.5 secs 4.8 secs 3.1 mins 3.7 mins 4.9 mins
SDo.1 3.6 secs 4.4 secs 5.9 secs 3.7 mins 4.4 mins 5.8 mins

This table presents the computing times for the multiplicity-adjusted p-values when B =
100. The omission of computer hardware details is intentional to emphasize the relative
performance as N increases from 100 to 500. Computing times increase markedly, especially
for the FDP procedures, even though the bisection method described in Algorithm 4.5 is
used to speed up the computations. For instance, with T = 252, the SDg; procedure takes
about 6 seconds when N = 100 but almost 6 minutes when N = 500, which represents a

sixty-fold increase.
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