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1 Introduction

In a traditional predictive regression setting, an outcome variable of interest is regressed on

the lagged value of a predictor variable. The relationship under investigation is

E(y|zi-1) = Bo + Bz, (1)

where y; is the outcome variable and z; is the predictor variable. If 8; # 0, then z; is said to
have predictive ability for the mean of the outcome distribution. The econometric method
used to detect such predictability is ordinary least squares (OLS) and the null hypothesis
of no predictability, i.e., f; = 0 in (1), is tested with a t-statistic. It is well known since
the work by Mankiw and Shapiro (1986) and Stambaugh (1999) that the usual asymptotic
theory provides a poor approximation to the finite-sample distribution of the t-statistic,
resulting in far too many spurious rejections of the null hypothesis. This problem of false
positives worsens as the predictor variable z; becomes more persistent and its errors are more
correlated with those of the regression model. A leading example is stock return predictability
using a highly persistent regressor, like the dividend-price ratio, the earnings-price ratio, the
book-to-market ratio, and various interest rates and interest rate spreads.

A common belief in the literature is that such predictive regressions of stock returns
typically contain more noise than signal coming from z;_;, and that the signal-to-noise ratio
can be strengthened by aggregating the outcome variable forwards. For a given prediction

horizon h > 1, the aggregated outcome variable is constructed as

h—1

h _ §

Yy = Ye+k,
k=0



which is then regressed onto x; ;. By construction, the time series of overlapping observations
{y?|h > 1} contains a moving-average error structure. Examples of these types of long-
horizon predictive regressions include Campbell and Shiller (1988), Fama and French (1988),
Lanne (2002), Valkanov (2003), and Hjalmarsson (2011).!

A recent strand of the literature uses the quantile regression method of Koenker and
Bassett (1978) to examine whether the outcome distribution is predictable not just in the
centre, but also in the shoulders and tails; see Cenesizoglu and Timmermann (2008), May-
nard et al. (2011) and Lee (2016). In addition to offering a more complete view of the
outcome distribution, quantile-based methods are attractive for many other reasons. First
of all, quantiles are always defined whereas moments may not exist (e.g., the moments of
the Cauchy distribution are all undefined). It is also well known that the sample mean (and
its regression version, the OLS estimator) is very sensitive to outliers. And conventional
measures of higher moments (e.g., skewness and kurtosis) are also sensitive to the presence
of outliers, since they are based on sample averages. The median and interquartile range are
well known as robust measures of location and dispersion. Quantiles can even be used to
construct robust alternative measures of skewness and kurtosis; see Kim and White (2004)
for instance. Bassett et al. (2004) show that a general form of pessimistic portfolio opti-
mization may be formulated as a problem of linear quantile regression. In so doing they
provide an interesting link between quantile regression and expected shortfall (ES), a risk
measure that builds on the standard (quantile-based) value-at-risk (VaR) measure of market
risk. Taylor (2017) further exploits that link to model VaR and ES, jointly.

So instead of the conditional expectation, the studies by Cenesizoglu and Timmermann

IThere is also work that attempts to boost the signal by aggregating the predictor variable z; either
backwards or forwards; see, for example, Boudoukh and Richardson (1993), Valkanov (2003), Bandi and
Perron (2008), and Bandi et al. (2018).



(2008), Maynard et al. (2011) and Lee (2016) focus on the quantile regression

Qr (Yt | xe—1) = Bo(T) + Br(7) w1, (2)

where Q. (y; | x4—1) is the conditional quantile of y, at a given quantile level 7 € (0,1). An
emerging view is that many economic variables seem to have far greater predictive ability
for the outer quantiles rather than for the centre of the stock return distribution. A po-
tential pitfall, however, is that the standard quantile regression t-statistic is also prone to
the overrejection problem, just like its mean regression counterpart; see Lee (2016) and the
simulation results presented here below in Section 4.

Maynard et al. (2011) address the size distortion problem by deriving the asymptotic
distribution of the quantile regression t¢-statistic under a local-to-unity specification for the
predictor variable. Lee (2016) adopts the so-called extended instrumental variable (IVX)
methodology of Magdalinos and Phillips (2009) to deal with the presence of persistent re-
gressors in predictive quantile regressions. The idea underlying the IVX methodology is to
generate an instrumental variable of intermediate persistence by filtering a persistent and
possibly endogenous regressor; Kostakis et al. (2015) extend this approach to a multiple
predictor context. Lee (2016) suggests using the instrument in lieu of the original predictor
in the quantile regression and derives the asymptotic distribution of the resulting estimator
under the null of no quantile predictability, i.e., 51(7) = 0 in (2). He calls this approach
IVX-QR.

What is common to the large-sample approaches in Maynard et al. (2011) and Lee (2016)

is that they only test for quantile predictability at a single quantile level, 7. Under the null



hypothesis of no predictability, however, the outcome distribution should not be predictable
at any quantile level. Yet by testing for predictability at enough quantile levels, false positives
will occur. The multiple comparisons problem then consists of combining the predictability
test results from each considered quantile level, say 7y, ..., 7, in such a way that controls the
familywise error rate in finite samples; see Hsu (1996) for the theory of multiple compar-
isons. In a long-horizon setting, the multiple comparisons problem may also include several

prediction horizons hy, ..., hy. A familywise error rate (FWER) can be defined as

FWER = Pr (Reject at least one Ho(h;,7;)|all Ho(hy,7;) are true),

where Hy(h;, ;) refers to the null hypothesis of no predictability at the specific prediction

horizon h; and quantile level 7;, i.e., f1(h;, 7)) =0 in

er(yfi | 21) = ﬁo(hi»Tj) + Bi(h, Tj)$t—1-

In words, the FWER is the probability of making at least one Type I error. Given a desired
significance level «, the challenge taken up here is to devise a procedure to test the absence
of quantile predictability such that FWER < «, no matter the sample size.

Consider for a moment the one-period-ahead case. Given a finite-sample test for single-
quantile predictability at horizon h = 1, one could then of course control FWER(h =
1) = Pr(Reject at least one Hy(7;)|all Hy(;) are true) at level o by applying the familiar
Bonferroni procedure which consists of rejecting any hypothesis Hyo(h = 1, 7;) = Ho(;) with
p-value p(1;) < «a/q, where ¢ is the number of quantiles being tested. The corresponding

Bonferroni-adjusted p-value is given by min(g x p(7;), 1). Cenesizoglu and Timmermann



(2008) make the Bonferroni adjustment to (asymptotically justified) bootstrapped p-values
in order to obtain a joint test across all considered quantiles which is robust to arbitrary
dependencies among the individual p-values. The problem with this approach is that it
will be lacking in power as ¢ grows. Instead of the Bonferroni adjustment, Westfall and
Young (1993) advocate resampling-based methods to obtain less conservative multiple testing
procedures which take into account the dependence structure between test statistics. The
idea that resampling can be used to estimate the joint distribution of p-values is central to
resampling-based testing.

In this spirit, we propose an exact resampling-based procedure for controlling the joint
significance of quantile predictability tests at several quantile levels and prediction horizons.
We achieve control of the FWER by exploiting a permutation principle which holds under
the null hypothesis of no quantile predictability, assuming that the predictor variable evolves
according to an AR(1) model — a first-order autoregressive model. The AR(1) model is
a standard assumption in the mean predictability literature; see Cavanagh et al. (1995),
Stambaugh (1999), Lewellen (2004), Torous et al. (2004), Amihud and Hurvich (2004),
Campbell and Yogo (2006), and Polk et al. (2006) among others. Our approach is attractive
for a number of reasons: (i) it places no restrictions on the persistence of the predictor
variable, thereby allowing for unit-root and even explosive behaviour; (ii) it is invariant to
the contemporaneous dependence between the errors of the predictor model and those of the
predictive regression model; (iii) it makes no parametric distributional assumptions, thereby
allowing for heavy-tailed errors; and (iv) it accounts for the overlapping observations used
in long-horizon regressions.

The developed approach rests on an equally likely property that holds for the collection



of quantile regression t-statistics together with the AR(1) regression t-statistic. This key
property paves the way for an exact distribution-free test procedure using the technique of
Monte Carlo (MC) tests (Dwass, 1957; Barnard, 1963; Birnbaum, 1974). Specifically, the
proposed test procedure proceeds by linking: (i) each point in an exact confidence set for
the AR(1) parameter, with (ii)) MC p-values of a test statistic for quantile predictability.
The confidence set is obtained by collecting all the values that cannot be rejected by an
MC t-ratio test for the AR(1) parameter, while the predictability test statistic combines the
quantile regression t-statistics at each considered prediction horizon and quantile level of
the outcome distribution. This simultaneous inference approach yields a test of no quantile
predictability that controls the FWER in finite samples.

As an illustration, we apply the developed test procedure to the distribution of excess
returns on the S&P value-weighted stock market index. We uncover evidence of quantile
predictability using interest rate variables, while valuation ratios seem to have little to no
predictive ability. Specifically, the default yield predicts the right-tail quantiles and the short-
term interest rate predicts the central quantiles of the return distribution. This evidence
appears strongest at short horizons up to three months and disappears as the prediction
horizon grows longer.

The rest of the paper is organized as follows. Section 2 describes the statistical framework
and Section 3 develops the long-horizon quantile predictability test procedure. Section 4
reports the results of a series of simulation experiments designed to examine the empirical size
and power of the test procedure, as well as its robustness to departures from the maintained
assumptions. The results confirm the fact that the proposed inference procedure is level-

correct and that testing several quantile levels jointly (instead of individually) can yield more



power to detect predictability, especially when the predictor is persistent over time. Section

5 presents the empirical application and a discussion of the findings. Section 6 concludes.

2 Statistical Framework

The setting involves the outcome variable of interest 1, and another variable x;_;, observed
at time ¢ — 1, which could have the ability to predict y,. More precisely, we work within
a framework involving the collection of random variables y1, ..., yr, o, 21, ..., 7 and we say

that x;_; does not predict y, if the following condition holds:

y; is independent of x;_1, for each t =1,...,T. (3)

Let F(y;) and F(y,|z;—1) denote, respectively, the unconditional distribution and the con-

ditional distribution of y;, given z;_;. Condition (3) can then be stated as

F(y;|zi_1) = F(y;), foreach t =1,...,T,

while, under the alternative hypothesis of predictability, z;_; affects some part of the outcome
distribution. In order to complete the statistical framework, a time-series model for x; will
be specified. As typically done in the mean predictability literature, x; will be assumed to
evolve according to an AR(1) model.

Let n; = (ug, v¢)" be a vector of random error terms. We formally state the null hypothesis



of no predictability as

e = Bo+u,
HO : (4)
Ty = p+ oxi-1 + vy,
where 1y, ..., M7 is a sequence of exchangeable random vectors, and where z is either fixed

or random but independent of my,...,nr. The exchangeability requirement means that, for

every permutation dy, ..., dr of the integers 1, ..., T, we have

(7717"'777T> g (ndu"'vndT)? (5>

where the symbol ‘Lr stands for the equality in distribution (Randles and Wolfe, 1979,
Definition 1.3.6). Note that the elements within 7, need not be exchangeable. If the vec-
tors 7y, ...,mr are independent and identically distributed (i.i.d.), then they are obviously
exchangeable.? On the other hand, exchangeable random vectors are not necessarily inde-
pendent. For example, stack the error vectors into the 7' x 2 matrix n = [n,...,nr]" and
suppose 7 follows the matrix normal distribution, denoted by n ~ Nro(M,E,X). In this

T x 2 case, the associated density function is given by

1 1 =1 _ -1 B /
) = om0 | —5trIE 0 - M= - ),

where M, E, and ¥ are T' x 2, T' x T, and 2 x 2 matrices, respectively. Clearly, M is
the matrix-valued expected value of 1. The left matrix = represents the covariance between
the rows of 1 and the right matrix 3 represents the covariance between the columns of 7.

If M =0 and E = (1 — p)Ir+ pJr, where p is an equicorrelation parameter, I denotes

2The i.i.d. assumption is often maintained in the stock return predictability literature; see, for instance,
Stambaugh (1999), Amihud and Hurvich (2004), and Campbell and Yogo (2006), among others.



the T-dimensional identity matrix and Jp is a T' x T matrix of ones, then f([n,....,nr]") =
f([Mays ---s May)’) for any permutation dy, ..., dr of 1, ..., T. That is, my, ..., nr are exchangeable,
yet they are not independent. See Gupta and Nagar (2000) for a thorough treatment of the
matrix normal distribution.

Besides exchangeability, no other distributional assumption is made, thereby leaving
open the possibility of heavy-tailed 7, errors. The parameters [y, u, and ¢ appearing in
(4) are unknown, and ¢ € Dy, where Dy C R is a nonempty set of admissible values for ¢.
Depending on the context, the choice of Dy could restrict ¢ to stationary values, or it could
allow for a unit root and even explosive values. Indeed, the set D, may be R itself, the open
interval (—1, 1), the closed interval [—1, 1], or any other appropriate subset of R.

Following Cenesizoglu and Timmermann (2008), Maynard et al. (2011), and Lee (2016),
we use linear quantile regression models to detect predictability at various points of the
outcome distribution. With the long-horizon variable y!, these models are written here
again as

Q-(yi | w1—1) = Bo(h, ) + Bu(h, )41, (6)

where Q. (y|z;_1) is the conditional quantile of y! at a given quantile level T € (0,1).
Stack the regressors appearing in (6) in the vector ¢,y = (1,z4,_1) and let @(h,7) =
(Bo(h, T),ﬁl(h,T))/ be the vector comprising the associated horizon- and quantile-specific
intercept and slope coefficients. The standard quantile regression coefficient estimates are
then given by

é(h, T) = arg minzT: Or (yth —0(h, T)lmt_1>,

O(h,T) 4

where p,(u) = (7 — I[u < 0])u is the quantile regression loss function. Here I[A] is the

10



indicator function which equals 1 when event A occurs, and 0 otherwise. In matrix form,
the employed regressors are X 1 =[xy, ..., z7_1]’.
Like in conventional quantile regression inference (Koenker and Bassett, 1978), we con-

sider the t-statistic

~

51 (h, 7') ‘
@(Bl(ha T))

t(h,7) = (7)

Here f3,(h,7) is the second element of @(h,7) and \ﬁa\r(ﬁl(h,ﬂ) is the (2,2)-entry in the
matrix w?(7)(X’ ;X _1)7!, where w?(7) = 7(1 — 7)/f2(F; (7)) and f,(F,; (7)) denotes the
density of u; evaluated at the 7th quantile. This resembles the usual t-statistic based on
OLS except that the definition of the variance uses w?(7) instead of o2, the variance of u;.
We compute (7) with the rq command available with the R ‘quantreg’ package.> Note that
(7) as such does not acknowledge the moving-average errors in y. As we will see later, the
error structure (the overlap) is accounted for by the proposed MC procedure.

Observe that (4) entails a joint hypothesis as it states that all points of y,’s distribution
are unaffected by x; ;. And this is also true at longer prediction horizons h > 1, since
Yyl = hBy+ Zz;é Uy, under the null hypothesis. Let Ay, ..., h, and 7, ..., 7, be the prediction
horizons and quantile levels that will be used to test for the presence of predictability.
Furthermore, let ¢y be a specified value such that ¢, € D, and consider the following

subhypothesis:

H0(¢0) : ﬂ ﬂ 51(7%‘77']‘) =0, ¢ = ¢y, (8)

i=1j=1

which states zero slope coefficients in the quantile regressions at each considered prediction

3Specifically, we obtain the statistic in (7) with the summary function using the iid option. This presumes
that the errors are i.i.d. and computes a scalar sparsity (i.e., the reciprocal of the error density at the 7th
quantile) estimate using the Hall-Sheather bandwidth rule (Hall and Sheather, 1988) for the Siddiqui (1960)
estimator (cf. Koenker, 2005, §3.4).

11



horizon and quantile level, and an admissible value for x;’s persistence parameter.
The joint null hypothesis of no predictability at prediction horizons A4, ..., h, and quantile

levels 71, ..., 7, can then be viewed as

Ho: |J Hol(¢o), (9)

¢0 €D¢

where the union is taken over all admissible values for the AR(1) parameter in (4). Note that
the number of prediction horizons and quantile levels that can be considered is restricted by
the sample size. Which ones to consider depends on one’s a priori beliefs about predictability.
If one has no beliefs about which quantiles may be predictable, then a sensible approach is
to perform a joint test over multiple quantile levels evenly spaced across the entire outcome
distribution. Our simulation experiments in Section 4 show that such an approach can yield
a more powerful predictability test, particularly as ¢ increases.

To close this section, we mention that Linton and Whang (2007) develop a method to

test the absence of own predictability. This includes a test of £;(7) = 0 in

QY | Yi—1) = Bo(T) + B1(T)Yi-1,

which is recognized as a first-order quantile autoregression (Koenker and Xiao, 2006). Our

framework also yields a test of own predictability by setting ¢ = 0 and z; = y; in (4).

12



3 Exact Inference Methods

3.1 Test of Hy(¢o)

The t-statistic in (7) evaluated at each prediction horizon and quantile level appearing in
(8) yields t(hy,71), ..., t(hy, 7). In order to test Hy(¢o), these statistics can be combined via
their maximum absolute value:

S= Iax max t(hi, 75)],

which presumes two-sided alternatives. This approach corresponds to the Studentized mazx-
imum modulus method, described in Hsu (1996). It is also related to the minimum p-value
rule, first suggested by Tippett (1931) and Wilkinson (1951), and advocated in Westfall and
Young (1993). The intuition here is that the null hypothesis should be rejected if at least
one of the individual t-statistics is sufficiently large in absolute value. For further discussion
and other examples of test combination techniques, see Folks (1984), Dufour et al. (2015),
and Catani and Ahlgren (2017).

In the present quantile regression context, it seems natural to assume that v, in (4) has
median zero and to estimate ¢ by least absolute deviations (LAD).* The LAD estimates of

Y = (i, ¢)' are found as

by setting 7 = 0.5. In this case, the loss function corresponds to pos(v) = 0.5|v|. The LAD

4 Alternatively, it would be reasonable to proceed with OLS if we were willing to assume that v; has mean
zero and a finite variance.

13



estimates yield a t-ratio to test the value ¢q specified in Hy(¢g) taking the form
t(¢o) = ———, (10)

whose computation is similar to (7). We let T (¢o) denote |t(¢o)| with a view towards two-
sided alternatives.

Let z; = (y;, ;) and define &, = (y;, x; — poxi—1), for t = 1,...,T, given the value ¢y in
(8). Observe that &, = (5o, 1)’ +n; and €, ..., er forms a collection of exchangeable random
vectors under Hy(¢g). This exchangeability property obviously holds no matter what the
true values of 5y and p are, and no matter what the bivariate distribution of u; and v, is. To
simplify the notation let €; = e4,, where dy, ..., dr is a permutation of the integers 1,...,7T,

and consider the sequence of random vectors z1, ..., Zr obtained from the recursion

Z = = + &, fort=1,..,T, (11)
Ty PoTi-1
with initial value 25 = (0, z¢)’. It is easy to see that z;, and 2, obey the same data-generating
process when Hy(¢g) holds.

Define 2/ = (X1 yoyn, 10), ZM = [2]7, w2 ), and Z = [ZM . Z"] from the
original sample. An artificial sample generated according to (11) yields the analogues zhi
Z’“, and Z. We then have under Ho(¢o) that Z 1z , for each of the T'! possible matrix

realizations of Z. Theorem 1.3.7 in Randles and Wolfe (1979) further implies that

| (12)

14



where S = max;<;<, max; <<, |t(hi, 7;)| and T (o) refers to |E(e)|. Here t(hi,7;) and t(gy)
are the t-statistics in (7) and (10), respectively, each computed with the artificial data
composing Z.

We see that generating such artificial samples according to (11) yields T'! possible vector
values of (§ : %(qbo))/ which are all equally likely values for (S, T(gbo))/, i.e.,

S S 1
Pr = = Fr (13)

T (¢0) T (o)
Based on this equally likely property, an a-level permutation test of, say, the null hypothesis
that ¢ = ¢g could be performed in the following way. Since large values of T (¢g) are more
likely when ¢ # ¢, the posited value ¢y is rejected if the observed value of the test statistic
T (¢) falls in a set containing the Tla largest values of T (¢y) that can be obtained from the
class of all permutations.
Calculating the complete permutation distribution requires the careful enumeration of all
T possibilities, which is well-nigh impossible with typical sample sizes. The computational
burden of finding tail probabilities can be reduced by generating random samples according to
(11) and computing (§ , ’7’(¢0))/ each time. The relative frequencies of these values comprise
the simulated permutation distribution. A very practical method to obtain the desired
significance level and precise p-values, without performing a large number of random draws,
is the MC test procedure first proposed by Dwass (1957). The procedure goes as follows.
First, the statistics (3 ,T(gbo))/ are computed with the original sample Z. The test then
proceeds by generating B — 1 artificial samples Z;, ..., Zz_1, each one according to (11).

With each such sample the statistics are computed yielding (gb, 7~§(¢0))/, forb=1,..,B—1.

15



Including the observed values (S , T((ﬁo)),, it is easy to see that the vectors
(gl, ’7](%))’, o (53_1, 7N]9_1(gz50))/, (S, T(gbo))/ constitute B exchangeable draws from the bi-
variate uniform distribution in (13). To understand the idea of an MC test suppose aB is
an integer, where « is the desired test level, and imagine sorting the B values 5’1, ey S, B_1,S
in ascending order. If § ranks among the largest aB statistics, we would reject the null.
In the present context, this happens with probability « under the null hypothesis. Since
the permutation distribution is discrete, however, it is theoretically possible for ties to occur
among the draws and this would cause an ambiguity when ranking the statistics.

Following Dufour (2006), we deal with that possibility by working with lexicographic
ranks. These are obtained by first drawing B i.i.d. variates U,, b = 1,..., B, from a con-
tinuous uniform distribution on [0, 1] and randomly assigning them to create the triplets
(gl,ﬁ(qbo),Ul),, . (gB_l,’ﬁ;_l((bO),UB_l)/, (S, T (), UB),. From these, the tie-breaking

ranks of S and 7 (¢g) are then computed as

B-1 B-1

Bp(S|=1+31[s>8&| + > 1[s =& x 11U > U],
b=1 b=1 (14)
B-1 B-1

Re[T(0) =1+ 51 [fr((po) > 7~g(¢0>] + 5 [T(%) - 7;(¢0)] x 1[Ug > Uy

1 1

S8
Il
o
I

The key property (Dufour, 2006, Lemma 2.3) used to derive the MC p-values is that

Pr(Rp[S) =b) =1/B and Pr(Rp[T(¢)] =b) = 1/B,

for b=1,..., B, when Hy(¢g) holds. This simply says that the lexicographic ranks in (14) of

exchangeable random variables are uniformly distributed over the integers 1, ..., B.

16



From the marginal distributions of each statistic, we can then compute MC p-values as

b5 [S] = B—R%[S]H’
R (15)
5 [T(60)] = 2= RelT(00)l +1

where R [S] and R [T (¢)] are the ranks of S and T (), respectively, given by (14). These
p-values have the usual interpretation: pg[S], for instance, is simply the proportion of S
values as extreme or more extreme than the observed § value in the simulated permutation
distribution. Note that the two p-values in (15) may have a very complex dependence
structure. Nevertheless, if we choose B so that aB is an integer (for 0 < a < 1), then these

MC p-values each exactly have a size equal to « in the sense that

°)
°)

under Hy(¢o). See Ernst (2004) for more on the use of permutation methods for exact

Pr (@B S]

VAN

«,

(16)
Pr (s [T(60)

IN

&,

inference, and Dufour and Khalaf (2001) and Kiviet (2011, Ch. 6) for a general overview of
MC test techniques and further references.

A decision rule could then be built from the logical equivalence that Hy(¢g) is false if
and only if {U}_, Uj_, Bi(hi, 7j) # 0} or {¢ # ¢o}. The critical region corresponding to this

decision rule is {pp [S] < a} U{ps [T (¢0)] < a} and, by subadditivity, we obtain its level as

Pr ({pB 8] < a} U {55 [T(d0)] < a}> < 2a.

17



The marginal distributions of the p-values characterized by (16) are the foundations for the

tests of Hy, developed next.

3.2 Tests of H,

The expression in (9) makes clear that ¢ is a nuisance parameter in the present context, since
it is not pinned down to a specific value under Hy. In order to test such a hypothesis, which
contains several distributions, we can appeal to a minimazr argument stated as: “reject the
null hypothesis whenever, for all admissible values of the nuisance parameter under the null,
the corresponding point null hypothesis is rejected” (Savin, 1984).

With the statistic S = S(¢y),” this would mean maximizing the MC p-value pg [S(¢)]

over ¢y € Dy. The rationale is that

Sup P8 [S(d0)] < = pp[S(9)] < a,

where pp [S(¢)] is the MC p-value of S based on the true value ¢. Moreover, Pr (pp [S(¢)] <

a) = o under Hy(¢p) and for all ¢y € Dy. So, if aB is an integer, we then have

¢0 €D¢

Pr < sup pg [S(¢o)] < a> < a.

The decision rule in this case would be to reject Hy if the maximized p-value is < . Oth-

erwise, accept Hj since there is not enough evidence against it. Note that this test has level

o, meaning it is conservative.’

SFrom this point on, we shall use the notation S(¢g) to emphasize the fact that the distribution of S
depends on ¢y.

6Here we follow the terminology in Lehmann and Romano (2005, Ch. 3) and say that a test of Hy has
size o if Pr( Rejecting Hy | Hop true ) = «, and that it has level o if Pr( Rejecting Hy | Hp true ) < o
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Following Beaulieu et al. (2007), we can replace D, appearing in (9) by an exact confi-
dence set for ¢ which is valid at least under the null hypothesis. This can be interpreted as
plugging in an estimator of the (perhaps unknown) set of admissible ¢-values. Let Cy(cv)
denote a confidence set for ¢ with level 1 — «, i.e., such that Pr (gb € C¢(a1)) >1—o

under Hy. It can then be shown (see the Appendix) that

Pr ( sup  pg[S(gy)] < a2> < aj+ as. (17)

$0€Cy(a1)

Note as well that this is the main idea of the Bonferroni methods frequently used to deal
with nuisance parameters in predictive mean regressions; see, for example, Cavanagh et al.
(1995) and Campbell and Yogo (2006).”

Recall that a confidence set for a scalar parameter can be interpreted as the result of
a collection of tests for each admissible value of the parameter. The confidence set simply
reports all the values that cannot be rejected at a given nominal level. The confidence set

appearing in (17) can therefore be obtained as

Colar) = {¢0 : ¢o € Dy, B [T(¢0)] > a1},

where pg [T (¢o)] is the MC p-value of T (¢g) in (15). Observe that Cy(aq) is an exact and

distribution-free confidence set for ¢, provided of course that D, does not exclude the true

It is worth remarking, however, that Phillips (2014) has shown that the confidence intervals based on
local-to-unity limit theory used in these predictive regression tests are invalid in the stationary case, with
zero asymptotic coverage probability. In particular, this causes the popular Q-test statistic of Campbell and
Yogo (2006) to erroneously indicate predictability with probability approaching unity even though the null
of no predictability holds true.
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value of .2 A confidence interval can be defined as

Cly(ar) = [inf {60 6o € Cylan)}, sup {0 : do € C’¢(a1)}], (18)

which may be used to conduct finite-sample inference about the value of ¢, since Pr ((b €
C’]¢(oz1)) > 1 — «y. This is an interesting result in itself because it is well known that the
conventional ¢-test can yield misleading conclusions about the AR(1) parameter, particularly
when it is close to 1; see Tanaka (1983), Nankervis and Savin (1985, 1988), Rayner (1990),

and Nankervis and Savin (1996).

3.3 Summary of MMC test procedure
The test of Hy in (9) proceeds according to the following steps:
1. For each ¢ € Dy, compute the MC p-values (pg [S(¢0)], 55 [T (¢0)] ) as in (15).

2. Compute a confidence set for ¢ with level 1 — a; as
Cy(ar) = {do : ¢o € Dy, P [T (¢0)] > a1 }.

3. Find p* = supy,cc, (ar) P5 [S(do)] and reject Ho if p* < as. Otherwise, accept Ho.

In practical applications, the set Dy in Step 1 is replaced by a discrete grid. Observe that
only the candidate values ¢q vary in Step 1. In order to control the underlying randomness in
the computation of the MC p-values linked to each ¢g-value, the seed of the random number

generator should be reset to the same value before each considered ¢y. In the terminology

80n the other hand, eliminating (truncating) inadmissible values from a confidence set does not modify
its level (Abdelkhalek and Dufour, 1998).
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of Dufour (2006), we will refer to the test described by Steps 1-3 as a mazimized MC
(MMC) test. As a by-product, this MMC test procedure also yields an exact distribution-
free confidence set for ¢ in Step 2. A confidence interval for ¢ can then be obtained from
Cy(ay) according to (18).

Given a desired significance level «a, we see there is a tradeoff between the width of the
confidence set Cy(aq) in Step 2 and the significance level ay = o — vy in Step 3. While the
choice of aq, ap has no effect on the overall level (as long as o + g = @), it does matter for
power. Campbell and Dufour (1997) suggest that it is better to take a wider confidence set
in order to have a tighter critical value when deciding whether to reject Hy. Accordingly, we
carry on with the testing strategy represented by a; = 1%, as = 4% for an overall a = 5%.

A computationally simplified procedure is obtained by replacing the confidence set by
the point estimate ¢ and rejecting Hy whenever (S (QB)} < a. Dufour (2006) refers to such
tests as local MC (LMC) tests, and, since they are quite natural, we will study their size
and power properties in the simulation study.” These LMC tests are also a very natural

benchmark against which to compare the theoretically sound MMC tests.

4 Simulation Experiments

In this section, we report the results of a series of simulation experiments designed to examine
the size and power performance of the proposed tests. All the tests are performed at the
nominal o = 5% significance level with B—1 = 99 artificial samples, and the reported results

are based on 1000 replications of each data-generating configuration.

9The term “local” reflects the fact that the underlying MC p-value is based on a specific choice for the
nuisance parameter. Under additional regularity conditions, Dufour (2006) shows the asymptotic validity of
LMC tests. These conditions are notably more restrictive than those under which (17) obtains.
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4.1 Design and results

We generate data according to

v = Po+ Bix—1 + opy,
(19)

Ty = P+ T + vy,

where u; = yv, + M ¢+ with v € [—1,1]. Here v; and & are independent with v; ~
N(0,1) and & ~ t(3). In this setup we have Corr(uy, v;) = 7/+/3 — 272, so the parameter -y
determines the strength of feedback from u; to future values of the regressor variable. Observe
also that the elements within 1, = (u;, v;)" are not exchangeable. We set 5y = u = 0, and
let v = 0, —0.95 to examine the effects of feedback.'® We present results for the sample size
T = 240 and vary the persistence of x; according to ¢ = 0.5, 0.95, 0.99, 1, and 1.01.

The null hypothesis Hy is represented by £, = 0 and o, = 1, leaving no way for x; 1 to
affect the distribution of 3;. We let the alternative hypothesis be parameterized as g, = 0.1

and oy = |z;_1| so the 7th conditional quantile of y; becomes

Qr(ye | T1—1) = Bo + Brvy—1 + |71 Q7 (uy),

where @, (u;) is the 7th quantile of u;. This specification bears a resemblance to the absolute
value ARCH model of Taylor (1986) and Schwert (1989) in which the conditional standard
deviation depends on the absolute values of the volatility forcing variables. Since wu; is
symmetrically distributed about zero, we have Q,(u;) = 0 at 7 = 0.5 (the median). This

means that the predictive ability of x;_; equals fyxz;_; for the conditional median of 3; and

0The value v = —0.95 implies Corr(u,v;) = —0.87, which is in the range of error correlations typically
found in the stock return predictability literature.
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increases (symmetrically) for the outer quantiles of y;, because |z;_1||@~(u;)| is an increasing
function of |7 — 0.5|. This setup is motivated by the empirical evidence in Cenesizoglu and
Timmermann (2008), Maynard et al. (2011), and Lee (2016) who suggest that many economic
variables have far greater predictive ability for the outer quantiles rather than for the centre
of the return distribution.

For comparison purposes, we report the size and power of the standard t¢-test and the
IVX-QR test of Lee (2016). The IVX-QR method proceeds by generating an instrumental
variable w; according to the filtering rule

Cw

wy = Rywe—y + Azy, Ry =1+ 76

where wy = 0, and § € (0,1) and ¢, < 0 are user-chosen parameters. In order to test the
null of no quantile predictability at h = 1, Lee (2016) proposes to use an ordinary quantile
regression of ¢, on w;_1, and shows that the resulting estimator is asymptotically normal.
Here we set ¢,, = —5 as in Lee (2016) and report the test results for a range of J-values to
investigate the effects of that parameter.

Table 1 show the empirical size of the standard ¢- and IVX-QR tests for predictability
at horizon h = 1, applied at various quantile levels from 0.1 to 0.9, one at a time. The
t-test behaves reasonably well when there is no feedback (y = 0), except at the extreme
outer quantile levels 7 = 0.1, 0.9, where it tends to be more oversized. In the presence of
feedback (v = —0.95), however, the t-test shows a tendency to over-reject at all quantile
levels, especially as ¢ increases. The behaviour of the IVX-QR test also depends very much

on the strength of feedback. When ~ = 0, the IVX-QR test behaves essentially like the
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t-test, no matter the choice of §. An exception occurs when § = 0.1, in which case IVX-QR
over-rejects far more for the central quantiles. On the flip side, the choice of § matters a
great deal when v = —0.95. In that case, a lower value of d seems preferable to keep the test
size closer to the nominal value. We see however that the asymptotic test has more difficulty
controlling size at the extreme outer quantiles, where there are relatively fewer observations.

Tables 2 and 3 report the size of the LMC and MMC tests across quantiles 7 = 0.1, ..., 0.9
and horizons h = 1,2, 3. For the most part, the LMC tests appear quite well behaved with
empirical size close to 5%. The LMC approach starts running into trouble when v = —0.95
and ¢ > 1. In those cases, we see LMC test sizes as high as 15%. Interestingly, the LMC
tests behave relatively better for tail quantiles compared to the more central quantiles. In
accordance with the developed theory, the MMC tests are seen in Table 3 to always respect
the nominal 5% level constraint. This holds true regardless of the predictor persistence
and feedback strength, and whether the test is performed at individual quantile levels 7 or
individual horizons h, or for multiple quantile levels (all 7) and/or multiple horizons (all h).

Table 4 shows the size-adjusted power of the standard t-test and the IVX-QR test. We
can see that the t-test generally achieves better power. The performance of the IVX-QR
test tends to improve as ¢ is set higher. For example, 6 = 0.9 tends to deliver better power
than when ¢ is set to lower values. An exception seems to occur around 7 = 0.5. Indeed for
the central quantiles, setting 6 = 0.1 tends to yield better power, especially as ¢ increases
to 0.99 and beyond. In fact, when ¢ is in that range, the power of IVX-QR (6 = 0.9) follows
a U-shaped pattern: lowest for the central quantiles and generally increasing towards the
outer quantiles. Whereas when ¢ decreases, the power pattern gets inverted: higher around

the central quantiles and decreasing towards the outer quantiles.
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Tables 5 and 6 report the power of the LMC and MMC tests. The power calculations
for the LMC tests are based on size adjustments. The MMC tests did not require any such
adjustments since they reject the null with probability not exceeding 5%. We see that the
power of LMC (h = 1) is not far behind that of the t-test in Table 4, particularly as the
predictor persistence increases. A striking result seen in Tables 5 and 6 is that the LMC and
MMC procedures can deliver more power when testing for predictability at multiple quantiles
(all 7), particularly as the predictor becomes more persistent. Indeed, as ¢ increases we see
the power of the ‘all 77 tests exceeding the power attained at any of the individual 7-values.

A comparison of Tables 5 and 6 shows that the LMC tests tend to be more powerful
than their MMC counterparts. However, it is also important to bear in mind that size-
adjusted tests are not feasible in practice, but merely serve here as a benchmark for the
truly exact MMC tests. Note also from these tables that the LMC-MMC power gap closes
as the predictor persistence increases and feedback strengthens. Finally, we can observe that
power does not generally increase with the prediction horizon, h. The multiple-horizons
‘all A’ tests can nonetheless be more powerful than the specific-horizon tests. We see this
occurring in Tables 5 and 6 for the more central quantiles, notably when v = —0.95 (presence

of feedback) and ¢ > 0.95 (persistent predictor).

4.2 Robustness assessment

We next assess the robustness to departures from the assumptions maintained under (4).

First, we examine what happens to the empirical size of the proposed LMC and MMC tests
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when the predictor variable follows an AR(2) process of the form:

Ty = b+ G141 + Q249 + Uy,

with ¢; = 1.30 and ¢ = —0.31. Second, we investigate the size performance in the presence

of GARCH effects appearing as

v = Bo+ oy,

of = wta(y1— Bo)+bior,

where w = 0.01, a; = 0.10, and b; = 0.85. The parameters values chosen here are in line
with what is found empirically with the monthly data used in Section 5.

Table 7 shows the empirical size in percentage of the proposed tests under: (i) the AR(2)
process with i.i.d. errors; (i) the GARCH(1,1) process along side a correctly assumed AR(1)
model (with ¢ set to 0.99); and (iii) the AR(2) and GARCH(1,1) processes together. In each
case, the feedback parameter is set as v = —0.95. Comparing the LMC and MMC tests, we
see immediately that the LMC tests are far more sensitive to departures from the maintained
assumptions. In particular, GARCH errors are quite damaging for the empirical size of the
LMC tests. On the contrary, the MMC tests, owing to their conservativeness, offer more

robustness to violations of the assumptions.
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4.3 Sign-based predictability tests

For testing predictability at 7 = 0.5 and h = 1, Campbell and Dufour (1997) introduce the

following sign-based statistics:

R
=
I
] =

s [(yt - b)gtq},

~~
I

1

=
I
[M] =

S [(?Jt - b)gt—l}R:_(b)a

t=1

where s[z] = 1 when z > 0, and s[z] = 0 when z < 0; R;(b) is the rank of |y; — b|
when |y; — b, ..., |[yr — b| are placed in ascending order; and g, = z; — 1y, with m;, =
median{xy, ...,x;}. These sign and signed rank statistics yield median predictability tests
that allow for GARCH effects in 1;, and remain exact without any modelling assumptions
whatsoever for x;.

Under the null hypothesis of no median predictability f; = 0, S(5y) follows a bino-
mial distribution Bi(7,1/2) and W (/) is distributed like the Wilcoxon variate. Let S =
inf{|S*(b)| : b € Cls,(ay)}, where S*(b) = (S(b)—T/2)/+/T /4. If we adopt the two-sided de-
cision rule: reject the null of no median predictability when S is significant at level ap /2, then
the overall level of this two-step procedure is bounded by o = a3 + a5 (Campbell and Dufour,

1997, Proposition 2). The same argument applies to W = inf{|W*(b)| : b € Clg, ()} with

W*(b) = (W(b) —T(T +1)/4)//T(T + 1)(2T + 1)/24.

The first-step confidence interval Clg,(a) appearing in the definition of S is obtained
by inverting the exact sign test B = ZtT:l s [(yt — b)], which follows Bi(7,1/2) when b = fy.
For the W statistic, Clg, () is obtained by inverting a Wilcoxon signed rank test W =

Zle s[(y — b)] R{ (b) for the median. It also seems natural to replace the unknown /3, by
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an estimate (3, = median{yi, ..., yr}. We denote these median-estimate tests by S (BO) and
W(BO) and examine their performance in the simulation experiments. In order to make the
experiments comparable to Campbell and Dufour (1997), we set o, = 1 in (19) and focus on
median predictability by letting #; = 0 under the null, and then ; = 0.05, 0.1 under the
alternative hypothesis.

We observe again in Table 8 the size of the LMC test tending to deviate from the nominal
5% level when v = —0.95 and ¢ increases beyond 0.99. The median-estimate S(f,) and
W(Bo) tests appear better behaved. The size of the MMC test and the sign-based S and
W tests stays below the nominal level, as expected. The power results in Table 8 for the
LMC, S(53y) and W (f3,) tests are based on size-adjustments; no such adjustments are needed
for the MMC, S and W tests. We see clearly the LMC test dominating the power ranking.
As ¢ increases, the MMC test overtakes the suite of sign-based tests. However, with a less

persistent predictor, the S(fy) and W (fy) do better than the MMC test. We can also see

the S and W tests losing some of their power when ¢ increases to 1 and 1.01.

5 Finite-Sample Return Predictability

5.1 Data description

In this section, we further illustrate the new quantile predictability tests with an application
to the monthly and weekly excess returns (r) on the S&P value-weighted stock market index
from January 1962 to December 2015 (648 monthly, 2817 weekly observations). We consider
several return horizons (h = 1,3,12,60, 120 months; and h = 1,4, 12,24, 52 weeks) and the

six predictors we employ are commonly used in the stock return predictability literature:
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log dividend-price ratio (d/p), log earnings-price ratio (e/p), book-to-market ratio (btm),
default yield spread (dfy), term spread (¢ms), and short-term interest rate (tbl). The first
three predictors (d/p, e/p, btm) are valuation ratios based on stock characteristics, while the
last three (dfy, tms, tbl) are related to interest rates. These data are a subset of those used
by Goyal and Welch (2008) and all the monthly series were obtained directly from Amit
Goyal’s website.

We constructed the weekly data set following the methodology in Goyal and Welch (2008).
To compute weekly excess returns on the S&P 500 index, we downloaded the daily adjusted
closing prices from Yahoo Finance and computed the end-of-week return values as the con-
tinuously compounded daily returns from Monday to Friday. The weekly excess returns were
then obtained by subtracting the 3-month Treasury bill rate, obtained from the economic
research database of the Federal Reserve Bank of St. Louis (FRED).

Similar to Goyal and Welch (2008), the weekly valuation ratios are based on data from
Robert Shiller’s website. To compute weekly dividends (and earnings), we took 52-week
moving sums of dividends paid (earnings, respectively) on the S&P 500 index. Book values
from 1962 to 2005 are from Value Line’s Long Term Perspective Chart. For the period from
2006 to 2015, we extracted the book values using Goyal and Welch’s monthly data. We first
multiplied their monthly book-to-market ratio with the end-of-month market value of the
Dow Jones Industrial Average (DJIA). Then we computed the weekly book-to-market as the
ratio of book value and end-of-week market price of the DJIA. Following Goyal and Welch
(2008), for the weeks in March to December, btm is computed as the ratio of book value at
the end of the previous year and the price at the end of the current week. For the weeks

in January to February, btm is the book value at the end of two years ago divided by the
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price at the end of the current week. Finally, the predictors based on the interest rates are

computed using weekly data from FRED.

5.2 Empirical findings

Table 9 reports some summary statistics for each variable, and the LAD-based estimates of
the assumed AR(1) model for each of the six predictors in turn. Beneath the LAD point
estimates qAﬁ are reported in parentheses the associated standard errors 6(65) and in square
brackets the 1 — a; = 99% confidence intervals for ¢, obtained by inverting the MC t¢-ratio
test according to (18). At the monthly (weekly) frequency the point estimates ¢ are between
0.967 (0.996) and 1.003 (1.000), which suggests that the predictors are highly persistent.
In fact, the (very tight) confidence intervals reveal that the unit root hypothesis cannot
be rejected for any of the predictors. These results are consistent with those of Valkanov
(2003), Torous et al. (2004), and Hjalmarsson (2011) who also report confidence intervals
(by inverting unit root tests) for commonly used stock return predictors.

The unit root findings may be unsavoury from a theoretical point of view. Indeed,
present value models which impose transversality imply that the dividend-price ratio must
be stationary. Chief among these is the Campbell and Shiller (1988) present-value equation,
which is based on a log-linear approximation of returns that relates log stock returns linearly
to log prices and log dividends. That approach breaks down when the log dividend-price
ratio has a unit root, because it then has no fixed mean around which to take a Taylor

1

series approximation.!’ So we also ran our tests with the set D, restricted to the open

interval (—1,1). Excluding the possibility of unit roots did not change any of the test results

1 Campbell (2008) proposes an alternative approach that is valid when the dividend-price ratio follows a
geometric random walk.
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presented next.

Tables 10 and 11 (12 and 13) report the p-values of the proposed LMC and MMC tests,
respectively, with the monthly (weekly) data. They evaluate the predictability of monthly
(weekly) excess stock returns over a range of quantile levels 7 from 0.05 to 0.95 and prediction
horizons A from 1 month (1 week) to 120 months (52 weeks). The last column (all 7) shows
the p-value for the joint hypothesis of no return predictability at any of the considered
quantile levels, given the horizon h for the corresponding line; the last row (all h) gives the
p-value for the joint hypothesis that, at the given return quantile level 7 in the corresponding
column, there is no predictability at any of the considered horizons; and the entry at the
intersection of ‘all 77 and ‘all A’ is the p-value for the joint null of no predictability at
any quantile level and any horizon. The entries in bold correspond to cases of statistical
significance at the 5% level.

The LMC and MMC p-values reveal that the valuation ratios (d/p, e/p, btm) essentially
have no predictive ability for stock return quantiles at any prediction horizon. This finding
extends the conclusion reached by Hjalmarsson (2011) that these three valuation ratios
have no predictive ability for the mean of the stock return distribution. We can see a
few exceptions, like the book-to-market ratio (btm) in Table 11 for 7 = 0.95 when h = 1.
However, the weekly results in Tables 12 and 13 make clear that those few instances are
fragile to the choice of sampling frequency.

The pattern that emerges from Tables 10-13 is that any evidence of quantile predictabil-
ity is mainly from predictors related to the interest rates. In particular, the default yield
spread (dfy) appears predictive of the right tail and the short-term interest rate (tbl) appears

predictive of the more central quantiles. Moreover, this predictability evidence is stronger
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for short prediction horizons (typically up to 3 months). The lines labeled ‘all A’ in Tables
11 and 13 have conservative p-values that are far from the 5% cutoff, indicating that none of
the variables can predict stock return quantiles over all the considered prediction horizons.

Table 14 reports the sample (unconditional) quantiles Q,(r;) of the monthly excess re-
turns. The LMC and MMC predictability test results suggest that the default yield and
the short rate generate statistically significant slope coefficients in the predictive quantile
regressions. The lines indicated by Bl (7) in Table 14 report those slope coefficients at horizon
h =1 month and the entries in bold are the instances where the MMC test result (in Table
11) is significant at the 5% level. This table also reports R?(7) which is the goodness-of-fit
measure developed by Koenker and Machado (1999) for quantile regressions. Like the con-
ventional OLS-based R?, the R*(T) measure lies between 0 and 1, with higher values here
indicating a better fit in the sense that the 7th conditional quantile function QT(rt|xt_1)
“significantly” depends on x;_;. As typically found in predictive mean regression models of
stock returns,'? the R?(7) values found here are also quite low. This raises the question of

whether the quantile predicability is economically significant.

5.3 Economic significance

To explore this question, we compare how much the predicted conditional quantiles

Q- (r|x,—1) vary over time relative to their unconditional counterparts, Q.(r;).** For each

6[Qf(rt|zt71)]

TN which is the estimated standard deviation of

predictor, Table 14 reports the ratio

the conditional quantile relative to the absolute value of the unconditional quantile. We can

12Campbell (2018, p. 139) provides an explanation as to why the conventional R? is expected to be low
when the predictor is governed by a persistent AR(1) model.

13This gauge of economic significance is based on Cochrane (2008) who examines the predictability of the
dividend-price ratio for the mean return.
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think of this quantity as an “economic” measure of how much the conditional quantiles vary
over time. Table 14 reveals that the conditional quantiles vary a great deal. For instance
the unconditional quantiles of excess returns at 7 = 0.8,0.9,0.95 are 3.78%, 5.37%, and
7.03%, respectively. The time variation of the corresponding conditional quantiles, given the
default yield spread (dfy) as predictor, is 19.6%, 19.7%, and 16.9% as large as the respective
unconditional quantile values. Even greater is the time variation by 203% (albeit of -0.27%
at 7 = 0.4) and 60.6% (of 0.80% at 7 = 0.5) of the conditional excess return quantiles with

the short-term interest rate (tbl) as predictor.

5.4 Discussion

How does the quantile predictability evidence uncovered here relate to the extant literature
on mean return predictability? For the U.S. postwar data, mean stock return predictability
has almost become a stylized fact. One of the central tenets of this literature is the Campbell
and Shiller (1988) present-value equation, which says that deviations of the log dividend-
price ratio from its steady-state level ought to predict either future log returns, or future log
dividend growth rates, or both. A commonly held view is that the dividend-price ratio (i.e.,
the dividend yield) does not predict dividend growth rates, but instead predicts returns and
this predictability is stronger at longer horizons; see Campbell (1991) and Cochrane (1992,
2008), among others. A number of other financial and macroeconomic variables are often
believed to also have the ability to predict future stock returns; see Van Nieuwerburgh and
Koijen (2009) for a survey.

In Tables 10-13, the dividend-price ratio was found to have no predictive ability for

stock returns. This is perhaps not surprising given that the Campbell-Shiller present-value
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equation is derived from a log-linear approximation of returns, which in turn relies on the
stationarity of the dividend-price ratio. Indeed, the accuracy of the log-linear approximation
depends on the variability of the log dividend-price ratio around its steady-state level (cf.
Campbell, 2018, §5.3). From Table 9, the dividend-price ratio appears to be non-stationary,
which suggests that the Campbell-Shiller approximation may be rather crude. Other authors
(e.g. Goyal and Welch, 2003; Park, 2010; Dybvig and Zhang, 2018, among others) also find
evidence of a unit root in the dividend-price ratio. Boudoukh et al. (2007), Robertson and
Wright (2006), and Park (2010) attribute this I(1) behaviour of the dividend-price ratio to
changes in corporate payout policy since the 1980s.1* They argue that share repurchases
instead of dividend payouts caused a break in the cointegrating relation between log prices
and log dividends. Park (2010) shows that, when it is I(0), the dividend-price ratio may
have predictive power for future stock returns, which are well known to be 1(0). But when
the dividend-price ratio is I(1), the standard predictive regression becomes unbalanced and
the dividend-price ratio’s OLS slope coefficient goes to zero.

More recently, Choi et al. (2016) also find that the dividend yield’s predictive ability
disappears once the peculiar characteristics of stock return predictive regressions are properly
addressed. Indeed, even a simple predictive regression of one-period-ahead stock returns
onto dividend yields is subject to many econometric issues. Since Mankiw and Shapiro
(1986) and Stambaugh (1999), we know that the use of traditional asymptotic theory is
problematic when there is feedback from returns to future values of the regressor and the
regressor variable itself is highly persistent over time. Inference in long-horizon regressions

is further complicated because the error terms contain a moving-average structure, induced

H8pecifically, the enactment of SEC Rule 10b-18 in 1982 spawned an explosion in repurchase activity that
had a profound effect on the manner in which firms distribute earnings to their shareholders (Boudoukh
et al., 2007).
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by summing returns over long horizons. Valkanov (2003) and Boudoukh et al. (2008) show
that in the presence of a highly persistent regressor, predictability may artificially emerge
in a standard regression as the prediction horizon increases. Moreover, “robust” standard
errors (e.g. Hansen and Hodrick, 1980; Newey and West, 1987) tend to perform poorly in
finite samples, since the residual serial correlation can be very pronounced due to the overlap
in the data.

An emerging view is that, once the moving-average error structure is properly accounted
for, the evidence of mean return predictability does not typically become stronger as the hori-
zon increases; see Valkanov (2003), Torous et al. (2004), Ang and Bekaert (2007), Boudoukh
et al. (2008), Hjalmarsson (2011), and Kostakis et al. (2015). In particular, Ang and Bekaert
(2007) conclude that “the strongest [mean] predictability comes from the short rate rather
than from the dividend yield” and that “predictability is mainly a short-horizon, not a
long-horizon, phenomenon.”

Our empirical findings reveal an expanded view of this phenomenon. We too find that
the short rate has predictive ability for the central quantiles, but also that the default yield
spread predicts the right-tail quantiles of the return distribution. With our test procedure
that allows for a highly persistent regressor and accounts for the overlapping observations
used in long-horizon regressions, we find that the quantile predictability evidence using these
interest rate variables is strongest at short horizons. In line with Ang and Bekaert (2007),
Hjalmarsson (2011), and Kostakis et al. (2015) who focus on the mean, there is little to no
evidence of predictability using the valuation ratios (dividend-price, earnings-price, book-

to-market) for any part of the return distribution. To quote Ang and Bekaert (2007), “the

15Ang and Bekaert (2007) also develop a non-linear present-value model with stochastic discount rates,
short rates, and dividend growth that rationalises the predictability findings.
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predictability [by the dividend yield] that has been the focus of most recent finance research

is simply not there.”

6 Concluding Remarks

We have developed a procedure to test for long-horizon quantile predictability that allows
for the presence of an endogenous and persistent predictor variable along with heavy-tailed
errors in both the predictive quantile regression model and the AR(1) model, assumed for
the predictor variable. As far as we know, our approach is the only one that allows multiple
horizons and quantile levels to be tested jointly. We achieve this by exploiting the technique
of MMC tests, developed in Dufour (2006). Specifically, we combine an exact confidence
set for the persistence parameter of the AR(1) model with conditional distribution-free MC
tests of no quantile predictability that are linked to each point in the confidence set.

The confidence set is obtained by “inverting” a distribution-free MC t-ratio test for the
AR(1) parameter, and the predictability tests are based on a data-dependent combination
of quantile regression t-statistics, computed at each considered horizon and quantile level.
This approach yields MMC permutation tests of the joint null hypothesis of no quantile pre-
dictability whose familywise error rate (probability of committing at least one Type I error)
is kept under control, no matter the sample size. To complement the results establishing the
validity of our procedure, a simulation study made clear that the proposed tests deliver good
discriminatory power in detecting quantile predictability. Finally, an empirical application
revealed that certain parts of the distribution of stock returns are indeed predictable by
variables related to interest rates.

These results beg the question: what is the economic value of the predictability findings?

36



In order to answer this question, consider an investor who allocates some wealth W to a
portfolio comprising a risk-free asset and a risky asset in order to maxime the expected utility
E[U(Wr.44)] over next period wealth. The solution to this problem involves the conditional
distribution of next period’s excess return on the risky asset. Following Cenesizoglu and
Timmermann (2008), that distribution can be approximated using the out-of-sample quan-
tile forecasts made in period T. The economic value of quantile predictability can then be
evaluated through the certainty equivalent return or any other measure of portfolio perfor-
mance. Jondeau and Rockinger (2006) use a Taylor series expansion to get an approximation
of E[U(Wr41)] that depends on the moments up to order four of the portfolio return distri-
bution. Instead of the conventional measures of higher moments they use, an extension of
the robust quantile-based measures in Kim and White (2004) to the conditional case would
offer an alternative way to assess the value of quantile predicability. Such investigations of
out-of-sample performance go beyond the scope of the present paper, so we leave them for
future research.

A final remark is in order. The empirical analysis we presented in this paper is still subject
to a multiple comparisons problem since the predictability tests were performed with each
predictor variable separately. Indeed, the null hypothesis of no predictability implies that
all predictors should be jointly insignificant. Extending our methodology to deal with this

important issue is a challenge we intend to take up in future work.

Appendix

The proof closely follows that of Proposition 2 in Campbell and Dufour (1997). It is included

here for completeness. We wish to show that Pr (Sup¢oeo¢(al)ﬁ3 [S(00)] < a2> < oy + as.
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This will be true if Pr (A) < a;+as, where A is the event pg [S(¢o)] < o for all ¢g € Cy(ary).
Define the set I = {¢o : ¢o € Cy(a1) and pp [S(¢o)] > as}. Then, via Bonferroni’s

inequality, we have that

Pr(pel) = 1-Pr(p¢Cylar)orpp[S(p)] < as))
> 1—Pr(¢ ¢ Cy(an)) — Pr (95 [S(¢)] < as])

Z 1—Oé1—062,

since Pr (¢ € C’¢(a1)) > 1 — a3 by definition of the confidence set for ¢, and
Pr (55 [S(¢o)] < as]) = as from (16). Observe that Pr(A) = Pr(B°), where B is the

event pp [S(do)] > as for some ¢y € Cy(ay). Note also that ¢ € I = B. Hence

PI‘(B)ZPI‘((Z)GI)Zl—Oq—OéQ,

which implies the desired result: Pr(A) < a; + as.
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Table 1: Standard ¢- and IVX-QR tests at individual quantiles: size

=0 v=—-0.95

T= 01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
=05
t-test 114 90 72 63 66 58 63 82 121 100 74 54 65 68 60 72 92 108
IVX-QR (§=0.1) 67 78 96 99 97 92 94 78 74 124 72 71 51 48 57 65 87 103
IVX-QR (§=0.2) 107 82 63 61 62 64 55 82 82 99 77 62 70 61 77 75 87 99
IVX-QR (§=0.3) 11.8 75 57 72 64 63 68 92 88 95 77 72 73 61 66 81 81 94
IVX-QR (§=04) 114 76 70 61 57 59 77 81 88 93 77 72 70 62 69 7.7 81 109
IVX-QR (§=05) 121 85 70 55 55 59 72 81 102 99 74 69 70 61 67 86 76 104
IVX-QR (§=0.6) 116 81 71 66 68 61 70 75 104 92 78 68 51 62 64 73 7.8 10.1
IVX-QR (§=0.7) 11.0 85 74 58 57 56 68 7.7 11.0 102 78 67 49 65 66 76 87 10.8
IVX-QR (§=08) 113 87 71 63 60 59 65 75 113 104 76 61 56 60 64 69 77 103
IVX-QR (§=0.9) 11.1 82 69 65 72 63 6.8 83 119 104 77 56 61 61 66 70 80 10.8
¢ =0.95
t-test 100 80 80 74 66 73 57 89 122 100 86 92 87 82 87 9.7 100 10.7
IVX-QR (§=0.1) 80 99 108 9.7 116 114 124 102 76 121 70 69 56 56 57 68 87 11.1
IVX-QR (§=0.2) 115 96 79 68 65 69 60 79 118 98 77 58 57 48 66 71 81 9.2
IVX-QR (§=03) 123 86 75 65 57 74 61 76 107 99 71 70 59 56 65 71 84 93
IVX-QR (§=04) 120 90 7.7 59 67 7.7 65 91 102 80 78 69 55 64 64 74 77 102
IVX-QR (§=0.5) 116 71 60 62 74 78 78 91 89 70 79 72 51 60 66 7.7 69 104
IVX-QrR (=06) 96 78 64 76 66 71 74 96 107 68 78 71 58 59 73 87 73 103
IVX-QR (§=0.7) 93 90 57 69 76 66 63 98 96 84 73 67 66 61 64 77 83 94
IVX-QR (§=0.8) 109 78 67 79 81 67 71 89 101 90 67 67 64 68 56 72 84 93
IVX-QR (=09) 105 81 72 79 83 66 73 94 104 98 67 66 63 69 61 70 89 93
¢ =10.99
t-test 112 98 80 63 68 74 57 69 10.1 14.2 124 122 14.0 13.7 128 129 124 120
IVX-QR (§=0.1) 76 109 119 122 133 130 118 109 7.8 99 105 79 75 65 51 67 75 11.1
IVX-QR (§=0.2) 109 79 80 57 57 71 55 72 90 111 73 66 62 64 49 64 84 90
IVX-QR (§=0.3) 107 74 71 69 48 52 51 72 103 89 80 76 60 77 76 7.7 85 10.2
IVX-QR (=04) 96 85 66 57 50 43 53 69 120 85 69 67 61 72 71 75 72 109
IVX-QR (§=0.5) 103 74 59 62 46 40 49 74 100 83 78 64 61 60 55 7.0 63 102
IVX-QR (§=06) 96 78 77 61 52 57 6.0 67 99 90 71 69 53 56 63 64 65 93
IVX-QR (§=0.7) 100 72 71 57 67 67 63 87 115 88 95 61 61 59 59 62 63 91
IVX-QR (§=0.8) 104 75 66 66 69 63 68 92 10.7 104 87 69 56 66 61 67 62 85
IVX-QR (§=0.9) 103 78 73 72 65 66 6.7 80 11.0 119 84 72 58 64 66 68 73 96
p=1
t-test 102 79 62 69 54 50 73 80 124 152 176 182 17.1 20.1 21.0 19.1 17.3 15.7
IVX-QR (§=0.1) 7.7 85 94 11.8 11.0 106 9.5 83 82 107 94 69 69 58 74 75 88 119
IVX-QR (6=02) 96 85 64 51 48 59 65 79 114 1000 85 79 76 69 74 77 75 99
IVX-QR (§=0.3) 108 75 59 50 51 49 73 81 112 84 70 68 73 66 69 81 74 10.1
IVX-QR (§=04) 105 76 56 52 64 59 76 82 11.2 98 83 65 71 72 68 80 74 9.0
IVX-QR (6=05) 109 76 66 51 57 50 67 84 99 102 87 70 84 74 68 71 77 129
IVX-QR (6=06) 99 69 69 68 58 51 6.0 75 96 113 87 70 85 73 72 76 72 126
IVX-QR (§=0.7) 96 82 59 68 56 62 63 77 98 107 88 88 90 80 7.7 82 80 126
IVX-QR (6=08) 105 65 72 74 48 56 63 74 117 104 101 9.0 87 74 75 80 87 11.1
IVX-QR (§=0.9) 112 69 69 70 53 67 72 72 113 10.7 107 96 99 94 89 93 114 111
¢ =1.01
t-test 106 80 67 58 42 43 6.6 97 10.7 157 181 152 16.7 179 172 183 176 17.9
IVX-QR (§=0.1) 76 86 114 125 11.7 119 99 94 58 105 78 73 62 52 58 66 79 122
IVX-QR (§=0.2) 91 86 68 62 61 66 65 90 11.0 98 78 67 51 56 63 63 73 97
IVX-QR (§=03) 100 82 68 77 63 70 75 89 96 102 84 81 65 67 62 70 78 93
IVX-QR (§=04) 104 87 81 77 71 78 72 90 117 91 83 76 73 66 69 86 87 99
IVX-QR (§=0.5) 115 82 88 79 71 64 7.7 100 123 97 86 88 78 88 82 9.0 92 10.0
IVX-QR (§=06) 111 94 76 76 59 72 69 95 115 115 87 92 96 108 11.1 9.8 103 122
IVX-QR (§=0.7) 114 88 83 73 63 64 78 82 112 116 99 96 107 116 121 11.7 12.0 128
IVX-QR (§=0.8) 11.3 83 80 68 64 61 71 82 124 128 10.8 11.6 122 126 125 149 136 129
IVX-QR (=09) 103 84 71 67 55 63 66 83 106 149 133 12,6 139 143 15.0 149 147 144

Notes: This table reports the empirical size (in percentage) of the standard ¢-test and the IVX-QR test of Lee (2016). The

nominal level is a = 5%.
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Table 2: LMC test across quantiles and horizons: size
7=0 y=-0.95

7= 01 02 03 04 05 06 07 08 09 alr 0.1 0.2 03 04 05 06 0.7 08 09 all7
b =05
LMC (h=1) 52 53 48 41 53 48 50 50 57 55 55 41 40 45 48 45 59 57 51 51
LMC (h=2) 45 52 56 64 52 51 40 51 43 4.4 46 57 6.0 5.1 5.7 53 5.2 59 5.1 6.3
LMC (h=3) 43 46 6.1 54 7.0 55 44 6.2 52 6.6 53 4.9 59 64 63 64 6.9 5.7 5.3 5.5
LMC (all h) 5.6 5.7 53 49 56 51 52 57 50 5.0 44 43 5.8 5.9 5.7 6.3 6.4 52 47 4.8
¢ = 0.95
LMC (h=1) 50 52 59 48 52 52 35 55 6.0 6.2 5.5 5.5 6.3 5.5 5.3 7.1 6.2 5.3 4.9 4.8
LMC (h=2) 4.7 65 51 58 51 51 57 50 65 6.1 5.7 6.2 5.3 5.1 6.6 5.7 6.6 47 6.2 5.8
LMC (h=3) 5.6 5.2 51 57 43 42 50 6.7 57 4.8 6.1 6.6 5.7 6.0 64 6.3 6.6 5.7 5.0 5.9
LMC (allh) 4.7 56 49 61 50 52 52 66 64 5.4 6.2 6.1 6.2 5.8 5.3 5.7 6.1 56 54 5.5
b = 0.99
LMC (h=1) 47 65 6.1 45 55 52 42 48 5.1 4.9 7.2 7.0 6.6 9.2 9.8 7.9 8.0 70 64 7.2
LMC (h=2) 55 51 52 58 6.1 52 45 3.7 54 5.8 8.6 7.2 9.5 82 10.1 8.6 6.6 80 6.2 7.7
LMC (h=3) 6.0 56 52 49 45 52 37 44 53 5.4 6.3 7.6 8.5 7.5 8.1 104 83 8.1 6.5 7.8
LMC (allh) 64 64 57 56 50 60 43 41 5.1 4.6 6.6 7.5 84 83 8.5 10.3 84 86 7.1 7.2
¢ =
LMC (h=1) 58 54 51 49 52 50 47 55 52 53 75 116 113 129 146 119 11.2 105 82 114
LMC (h=2) 5.0 4.1 5.2 59 47 47 39 43 50 4.1 89 11,5 11.7 158 145 129 119 10.1 104 1238
LMC (h=3) 53 52 38 46 56 52 44 49 43 50 87 114 137 127 146 139 131 107 11.0 121
LMC (allh) 52 46 41 48 59 48 45 44 46 51 85 112 134 140 151 139 123 11.2 103 11.7
6 = 1.01
LMC (h=1) 71 50 42 49 48 42 49 51 43 57 79 93 121 99 116 117 104 99 89 11.2
LMC (h=2) 58 52 48 41 57 54 54 48 47 56 94 113 111 128 135 127 121 109 82 13.6
LMC (h=3) 35 57 46 50 45 58 55 48 50 4.6 8.6 10.5 131 124 140 13.1 119 10.2 9.6 11.6
LMC (allh) 52 55 47 51 45 65 53 54 55 50 84 115 133 134 141 130 11.7 11.2 97 120

Notes: This table reports the empirical size (in percentage) of the LMC test. The nominal level is a = 5%.
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Table 3: MMC test across quantiles and horizons: size

7=0 v =-0.95

T= 01 02 03 04 05 06 07 08 09 alr~ 01 02 03 04 05 06 07 08 09 alr~

=05

MMC (h=1) 1.0 09 1.0 09 1.0 09 07 1.0 13 14 13 05 09 11 10 1.7 1.0 08 1.1 08
MMC (h=2) 07 15 15 15 1.1 13 08 09 04 09 05 09 1.0 14 13 14 19 1.8 1.0 09
MMC (h=3) 1.0 09 05 14 12 09 12 10 06 05 09 08 1.1 1.3 15 1.3 1.0 07 08 1.0
MMC (all k) 04 09 09 14 10 10 12 14 12 09 07 1.0 14 13 17 14 15 1.0 07 09

6 = 0.95

MMC (h=1) 12 15 14 18 21 21 07 20 18 16 1.0 1.0 07 07 13 09 09 12 08 08
MMC (h=2) 1.0 13 11 13 12 16 14 21 19 15 12 09 1.3 09 05 08 1.1 04 11 05
MMC (h=3) 0.7 18 1.6 1.2 14 12 14 17 13 19 09 11 07 08 08 08 06 09 11 10
MMC (all k) 09 18 1.7 14 15 12 18 17 17 20 07 1.0 11 07 07 09 10 07 12 07
¢ = 0.99

MMC (h=1) 1.8 21 1.7 1.2 12 15 15 14 19 19 16 1.0 1.3 1.2 14 1.7 09 13 15 14
MMC (h=2) 20 19 15 17 16 21 11 11 08 1.2 1.0 07 09 13 12 1.7 12 21 16 09
MMC (h=3) 21 13 1.0 1.8 13 13 12 11 17 12 10 13 1.1 1.1 1.3 13 10 16 17 14
MMC (allh) 14 19 15 20 1.3 15 1.1 12 13 13 07 09 09 1.1 16 14 11 15 1.7 1.2
¢ =

MMC (h=1) 04 09 11 13 08 11 1.1 09 12 08 08 21 21 1.1 21 12 11 15 13 10
MMC (h=2) 04 07 13 07 11 12 07 05 04 07 1.3 15 14 13 14 13 15 13 1.3 1.2
MMC (h 3) 08 07 07 08 1.2 15 10 14 11 1.0 10 11 16 14 1.6 14 12 1.0 12 1.1
MMC (all k) 0.7 08 09 1.0 10 12 08 07 11 10 09 1.1 14 14 15 13 13 11 09 1.2
¢ =1.01

MMC (h=1) 24 11 12 17 14 14 15 13 14 18 15 13 16 20 14 11 20 20 22 20
MMC (h=2) 12 15 16 1.0 16 23 14 14 13 16 19 16 12 21 20 1.6 22 23 13 17
MMC (h=3) 10 14 1.0 1.2 11 1.7 16 16 13 1.0 18 1.8 16 1.1 14 23 17 16 16 14
MMC (allh) 1.3 18 1.0 12 14 19 13 18 14 1.1 18 19 1.5 1.7 17 24 20 16 13 1.3

Notes: This table reports the empirical size (in percentage) of the MMC test. The nominal level is « = 5%.
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Table 4: Standard ¢- and IVX-QR tests at individual quantiles: size-adjusted power

=0 v=—-0.95

T= 01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
=05
t-test 7.5 220 423 648 714 61.6 436 22.7 8.2 11.8 328 516 66.7 76.1 66.3 499 278 129
IVX-QR (§=0.1) 25 47 89 178 252 186 87 41 20 1.2 4.0 123 255 342 243 107 39 18
IVX-QR (6=02) 47 69 64 87 43 81 78 57 69 56 63 70 59 41 68 79 63 64
IVX-QR (§=0.3) 54 119 164 130 107 145 140 97 82 79 146 150 13.2 11.8 135 144 11.7 78
IVX-QR (6 =0.4) 6.7 136 221 254 232 249 196 148 96 10.5 21.7 229 239 261 270 244 181 9.2
IVX-QR (6=0.5) 6.2 179 287 382 363 376 264 170 9.2 134 224 30.1 395 39.0 369 30.6 225 10.8
IVX-QR (6 =0.6) 7.8 183 31.8 47.1 459 46.1 34.8 187 8.0 12.8 252 348 504 489 455 343 234 123
IVX-QR (6=0.7) 79 197 35.7 544 572 531 372 199 87 13.3 282 404 579 56.5 54.7 381 244 107
IVX-QR (§=08) 78 217 379 575 621 555 401 218 86 123 31.3 439 576 623 59.0 394 246 10.7
IVX-QR (6=0.9) 79 213 39.1 575 64.2 583 40.7 21.7 10.0 11.7 31.0 46.7 59.8 656 62.0 41.7 24.0 13.3
¢ =0.95
t-test 30.7 45.0 54.2 62.6 67.7 63.0 57.0 43.6 27.6 33.0 50.8 581 66.7 751 669 57.3 51.7 399
IVX-QR (§=0.1) 21 52 98 192 255 193 9.8 55 38 21 51 114 237 329 262 122 56 1.7
IVX-QR (§=0.2) 66 49 67 61 45 62 73 53 46 47 59 70 56 60 47 55 52 59
IVX-QrR (§=03) 63 83 84 67 51 73 103 73 73 66 79 85 75 51 67 73 87 88
IVX-QR (6=04) 76 126 96 96 68 84 11.6 92 6.7 126 99 100 11.0 6.8 94 106 146 99
IVX-QR (§=0.5) 11.1 178 16.1 104 84 127 13.1 126 124 18.3 148 16.7 159 93 120 134 18.6 14.2
IVX-QR (6 =0.6) 16.5 233 225 152 140 179 200 179 129 25.3 221 224 227 138 185 20.3 257 212
IVX-QR (6 =0.7) 23.3 282 30.3 235 175 260 284 232 199 29.8 325 31.6 29.0 20.1 243 283 315 258
IVX-QR (6§ =0.8) 24.2 371 38.6 342 250 329 36.5 316 229 31.6 41.0 39.7 39.2 327 384 394 38.7 318
IVX-QR (6 =0.9) 255 41.2 433 449 396 446 438 374 24.7 334 46.8 499 48.7 43.0 46.1 482 441 349
¢ =10.99
t-test 60.5 704 722 655 569 673 73.0 71.6 613 615 715 721 65.6 610 649 681 67.5 616
IVX-QR (§=0.1) 51 83 114 218 292 210 113 6.7 4.0 23 47 126 250 336 265 132 7.0 23
IVX-QR (§=0.2) 47 51 55 66 44 45 65 47 54 48 38 45 62 44 68 55 42 49
IVX-QR (§=0.3) 67 67 64 60 64 69 89 70 56 71 70 59 79 42 56 56 64 6.2
IVX-QR (=04) 83 95 102 97 67 96 91 96 69 115 127 115 104 58 86 87 95 7.0
IVX-QR (§=0.5) 11.0 139 128 11.2 86 11.2 13.6 11.7 94 142 152 146 121 76 123 106 16.3 12.7
IVX-QR (6 =0.6) 155 189 17.7 16,5 100 13.1 19.1 21.6 13.7 21.9 232 20.7 184 10.6 14.7 183 21.0 19.1
IVX-QR (6 =0.7) 242 28.0 258 249 147 192 262 259 248 28.1 30.2 29.7 227 163 208 258 319 281
IVX-QR (6 =0.8) 354 404 374 296 21.0 282 352 371 329 343 392 39.7 339 219 28.0 36.7 447 376
IVX-QR (6§ =0.9) 43.7 485 46.6 373 30.1 365 46.9 505 419 45.8 53.0 489 443 299 38.7 45.0 485 445
p=1
t-test 75.8 81.0 81.7 66.0 51.0 65.6 824 822 77.6 771 764 717 61.8 522 61.1 732 774 772
IVX-QR (§=0.1) 54 86 161 289 36.6 30.2 156 100 5.1 3.3 109 20.2 359 457 349 20.7 98 49
IVX-QR (6=02) 65 43 57 61 58 58 45 57 46 48 57 64 72 50 51 72 62 6.3
IVX-QR (§=03) 75 56 63 69 51 65 61 66 6.1 64 71 55 57 56 71 81 64 4.7
IVX-QR (6=04) 64 66 74 80 54 83 101 81 74 93 81 7.7 77 63 69 102 90 6.1
IVX-QR (§=05) 81 113 104 97 79 116 145 13.0 10.1 123 127 93 107 75 11.1 127 127 10.6
IVX-QR (6 =0.6) 13.3 14.2 158 128 9.7 129 179 200 128 19.0 180 169 153 130 151 181 17.1 19.0
IVX-QR (6§ =0.7) 204 220 21.7 174 143 193 255 274 215 27.0 232 247 221 169 21.8 26.1 26.0 26.3
IVX-QR (6 =0.8) 282 306 31.1 248 20.1 257 356 346 29.6 36.4 333 328 275 236 295 372 373 350
IVX-QR (6§ =0.9) 387 444 39.0 358 254 38.1 47.5 449 378 46.0 473 424 377 323 394 474 474 452
¢ =1.01
t-test 90.2 942 939 804 61.8 823 93.1 94.1 925 92.8 927 885 76.8 66.3 76.6 89.3 92.6 92.1
IVX-QR (6 =0.1) 11.7 24.1 381 539 642 564 38.6 24.0 10.6 9.7 29.0 449 655 727 67.0 444 246 9.2
IVX-QR (§=0.2) 70 77 78 77 60 60 77 97 6.7 61 74 78 74 57 70 61 71 71
IVX-QR (§=0.3) 156 176 189 138 73 11.8 169 157 183 175 200 151 99 6.5 103 133 162 134
IVX-QR (6=04) 26.3 29.1 299 16.7 105 16.2 282 30.3 27.1 272 305 255 163 9.7 155 245 270 273
IVX-QR (6 =0.5) 381 396 394 244 168 268 39.8 41.8 373 40.5 43.8 355 225 153 238 33.1 41.2 44.7
IVX-QR (6 =0.6) 494 515 521 371 202 36.0 485 554 521 54.2 544 47.1 332 20.1 339 452 550 533
IVX-QR (6 =0.7) 54.0 64.0 60.6 46.5 30.0 47.6 62.6 642 61.7 65.0 649 56.8 43.3 260 46.3 60.3 658 664
IVX-QR (6§ =0.8) 674 744 71.0 56.0 39.0 56.6 71.3 732 729 724 735 659 53.6 377 56.5 69.5 724 737
IVX-QR (§=09) 765 823 79.6 63.6 474 656 783 802 78.6 775 805 742 619 495 64.0 76.5 79.3 787

Notes: This table reports the size-adjusted power (in percentage) of the standard ¢-test, and the IVX-QR test for different

values of §. The nominal level is o = 5%.
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Table 7: LMC and MMC tests: size under departures from the main-
tained assumptions

r= 01 02 03 04 05 06 07 08 09 alr
AR(2)

LMC (h=1) 61 59 76 71 72 79 70 54 57 6.3
LMC (h=2) 67 63 72 75 90 80 69 65 43 65
LMC (h=3) 78 67 71 79 82 81 70 78 56 71
LMC (allh) 7.6 74 65 86 76 74 69 7.9 46 6.7
MMC (h=1) 1.0 06 05 08 07 07 10 07 07 03
MMC (h=2) 1.0 13 07 06 07 03 06 05 04 05
MMC (h=3) 07 08 08 10 05 09 11 04 09 10
MMC (allk) 1.1 06 08 10 05 1.0 10 03 06 10
GARCH(1,1)

LMC (h=1) 150 127 97 77 95 89 115 142 151 171
LMC (h=2) 131 103 84 83 86 83 115 102 119 137
LMC (h=3) 11.0 11.0 101 82 7.9 100 102 109 11.3 133
LMC (all b) 114 116 93 81 87 97 104 113 117 144
MMC (h=1) 40 23 12 09 1.0 08 20 29 33 31
MMC (h=2) 19 16 13 06 11 06 12 20 23 22
MMC (h=3) 1.6 07 09 13 11 08 10 12 24 16
MMC (allh) 14 13 12 13 12 09 11 18 30 21
AR(2) + GARCH(1,1)

LMC (h=1) 148 124 114 83 7.5 82 100 124 146 181
LMC (h=2) 127 103 80 91 7.7 78 100 119 107 134
LMC (h=3) 120 105 83 7.7 77 89 97 96 93 I1L7
LMC (all b)  13.0 108 89 82 7.7 91 96 101 115 127
MMC (h=1) 49 37 22 14 07 11 18 31 47 54

(h=1
MMC (h = 2) 2.9 2.5 1.3 1.2 0.7 1.2 1.3 2.6 2.1 2.8

(h=3) 2.4 1.4 09 0.7 06 1.8 1.1 1.5 2.0 2.3
MMC (all h) 2.4 1.9 09 1.0 0.5 1.4 1.2 2.6 2.5 2.6

Notes: This table reports the empirical size (in percentage) of the LMC and MMC
tests under violations of the maintained assumptions, i.e., AR(1) predictor model
and exchangeable errors. The nominal level is a = 5%.
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Table 8: Distribution-free tests for median predictability: comparisons

7=0 v =-0.95

¢= 050 095 099 1.00 1.01 0.50 095 099 1.00 1.01

Size (51 = O)

S(B) 33 49 42 33 14 75 6.7 64 52 27
W(B) 41 44 50 41 15 54 58 59 53 28
S 04 04 04 02 01 05 05 02 01 02
w 1.2 15 1.3 03 0.1 21 1.9 08 06 08
LMC 43 48 39 55 46 54 56 9.0 109 11.6
MMC 1.3 14 08 17 18 1.0 1.2 14 18 39
Power (3, = 0.05)

S(B) 88 281 447 445 46.6 8.6 235 493 505 59.7
W(B) 84 303 468 49.5 68.3 9.6 364 66.1 664 785
S 2.2 58 120 119 8.1 20 49 108 136 11.1
w 53 132 215 185 114 6.3 134 303 295 21.3
LMC 95 339 614 772 925 9.1 46.7 825 875 97.5
MMC 28 184 442 61.7 878 2.7 121 571 822 961

Power (1 = 0.1)

S(B) 219 689 836 751 669 169 654 932 822 713
W(B) 227 715 856 795 87.9 259 900 981 880 935

S 4.0 31.1 49.1 394 209 64 36.6 61.8 50.8 295
w 12.1 475 61.7 476 274 181 69.0 829 664 37.2
LMC 23.9 838 97.0 972 99.6 27.7 957 100.0 99.9 100.0
MMC 70 64.0 90.0 93.0 985 9.1 703 983 99.7 100.0

Notes: This table compares the empirical size and power (in percentage) of the
Campbell and Dufour (1997) tests for median predictability with the proposed
LMC and MMC tests. The power calculations for the S(Bo), W(BO), and LMC
tests are based on size adjustments. The nominal level is o = 5%.
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Table 10: Monthly return predictability: LMC tests

= 005 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 095 all7

Predictor = d/p

h=1 091 068 097 061 061 1.00 049 049 034 082 025 0.90
h=3 050 082 09 09 0.8 089 016 029 006 014 033 0.35
h=12 042 042 032 07 078 084 081 071 039 038 054 071
h=60 079 0.75 055 037 043 056 047 0.66 084 099 093 084
h=120 041 066 080 0.76 073 078 0.65 067 059 054 021 0.56
all h 0.50 075 0.82 067 066 082 071 070 065 059 026 0.64

Predictor = ¢/p

h=1 0.57 012 0.7r 068 044 078 093 098 0.78 030 0.73 0.58
h=3 0.14 043 092 052 056 07 072 036 062 079 0.70 0.54
h=12 073 027 024 090 084 078 100 078 049 084 077 0.65
h=60 033 046 0.03 016 063 092 099 082 065 0.7 093 0.23
h=120 0.09 015 029 019 056 062 067 035 057 066 026 0.23
all h 0.11 017 020 021 065 075 083 042 067 080 0.35 0.26

Predictor =btm

h=1 097 068 0.8 050 013 029 08 0.68 0.67 099 0.02 0.03
h=3 0.66 092 058 048 027 083 095 0.67 044 021 0.69 0.67
h=12 085 0.8 084 094 099 096 1.00 099 086 065 0.86 0.98
h=60 094 083 069 08 093 097 1.00 095 089 0.63 093 0.93
h=120 040 046 060 0.76 092 094 088 086 0.86 099 092 0.71

Predictor =dfy

h=1 043 010 020 076 0.68 058 0.04 0.08 0.01 0.01 0.01 0.01
h=3 039 033 02v 037 081 0.05 0.03 0.01 0.01 0.01 0.01 0.01
h=12 055 091 080 036 0.10 0.01 0.03 0.07 028 009 031 0.14
h=60 0.02 0.01 009 013 011 0.13 0.22 0.12 028 078 092 0.09
h=120 029 0.02 0.17 017 048 055 035 0.10 0.07 050 081 0.17
all h 0.09 0.02 020 024 022 024 043 0.16 0.10 0.62 048 0.21

Predictor =tms

h=1 0.57 0.10 0.02 0.21 0.21 0.17v 021 045 026 026 0.10 0.20
h=3 097 024 0.05 0.05 0.10 0.10 011 026 0.02 0.09 023 0.10
h=12 018 021 0.02 0.08 0.07 023 023 024 025 026 049 0.09
h=60 052 043 0.15 0.20 0.06 0.01 0.02 0.03 0.04 041 0.57 0.06
h=120 052 0.11 0.07 0.08 0.08 0.10 027 049 052 083 085 041
all h 0.72  0.15 0.11 0.17 0.12 0.01 0.03 0.05 017 0.70 0.86 0.14

Predictor =tbl

h=1 095 023 0.01 006 0.02 0.02 023 1.00 088 096 099 0.08
h=3 092 061 0.04 0.02 0.02 0.03 007 08 091 097 0.70 0.06
h=12 077 030 0.03 014 021 035 043 054 075 090 070 0.15
h=60 063 059 036 057 063 08 08 096 083 073 094 0.82
h=120 021 032 049 063 075 059 058 051 033 006 0.04 0.12
all h 022 039 056 075 078 071 070 058 039 009 0.04 0.14

Notes: This table shows the individual and joint p-values over prediction horizons h =
1,3,12,60,120 months and quantile levels 7 ranging from 0.05 to 0.95. The entries in bold are
instances of statistical significance at the 5% level.
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Table 11: Monthly return predictability: MMC tests

7= 0.06 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 095 all7
Predictor = d/p
h=1 0.99 096 1.00 096 097 1.00 091 0.8 075 095 049 1.00
h=3 0.81 098 1.00 100 100 1.00 066 084 034 042 051 092
h=12 0.88 0.88 0.87r 1.00 1.00 1.00 1.00 1.00 094 0.73 0.84 1.00
h =60 097 097 094 090 096 099 094 1.00 1.00 0.99 0.98 1.00
h=120 0.83 093 1.00 1.00 1.00 098 098 097 095 085 0.58 0.94
all h 0.90 096 1.00 1.00 098 1.00 100 0.98 097 0.89 0.62 0.96
Predictor = e/p
h=1 0.66 0.26 090 0.86 065 088 0.99 1.00 097 0.52 0.84 0.83
h=3 0.22 067 097 075 082 090 092 0.60 075 0.89 0.83 0.74
h=12 087 048 044 098 095 096 1.00 094 0.77 093 0.87 0.82
h=60 055 063 013 049 081 096 1.00 096 0.83 089 097 0.49
h=120 023 028 047 036 0.74 082 0.8 071 077 081 045 0.46
all h 0.25 032 038 045 082 088 092 0.78 0.84 092 0.55 0.47
Predictor =btm
h=1 1.00 0.75 095 058 0.12 030 0.8 076 0.66 100 0.03 0.03
h=3 0.73 095 0.57 050 028 085 099 0.69 043 021 0.70 0.70
h=12 088 0.87 089 096 1.00 099 1.00 100 094 0.75 091 1.00
h =60 094 085 065 083 094 099 1.00 098 094 077 0.97 0.96
h=120 049 045 067 082 094 096 094 090 095 1.00 095 0.83
all h 0.57 051 0.72 084 096 1.00 099 097 097 095 0.95 0.88
Predictor =dfy
h=1 0.58 0.18 032 0.83 0.75 070 0.08 0.12 0.01 0.02 0.03 0.03
h=3 0.51 053 046 062 086 0.14 0.06 0.01 0.02 0.03 0.02 0.04
h=12 070 0.99 088 056 0.27 010 0.15 0.18 035 023 046 0.35
h=60 0.14 0.06 021 0.23 022 025 048 029 056 085 098 0.24
h=120 0.60 0.24 042 043 068 0.73 061 033 030 0.74 092 0.55
all h 038 0.26 046 045 044 045 066 037 034 082 0.73 0.59
Predictor =tms
h=1 0.61 0.14 0.06 026 031 025 028 053 036 048 0.12 0.25
h=3 098 032 008 0.11 0.14 0.13 0.15 0.34 0.05 0.17 0.35 0.21
h=12 0.28 0.30 0.05 0.15 0.14 030 0.28 040 044 040 0.62 0.15
h=60 064 0.53 029 031 0.17 0.04 0.08 0.09 022 064 077 0.19
h=120 068 031 035 032 031 034 046 067 0.75 095 092 0.68
all h 0.84 038 039 037 030 0.09 015 0.22 038 0.8 096 047
Predictor =tbl
h=1 1.00 0.37 0.04 0.09 0.04 0.04 026 1.00 092 098 098 0.19
h=3 0.98 0.76 0.10 0.06 0.03 0.05 021 090 096 1.00 0.81 0.10
h=12 085 046 0.08 0.23 028 041 0.59 066 090 093 084 0.27
h = 60 0.68 0.65 045 0.59 061 091 094 1.00 093 089 0.99 0.88
h=120 033 048 058 070 0.81 068 0.71 060 042 0.22 0.12 0.28
all h 0.37 055 0.67 079 079 081 08 0.68 049 0.24 0.13 0.32

Notes: See Table 10.
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Table 12: Weekly return predictability: LMC tests

7= 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 095 allr
Predictor = d/p

h=1 071 092 089 087 099 033 098 077 089 087 0.69 0.97
h=4 087 048 091 091 062 038 0.74 088 092 047 0.13 0.42
h=12 092 087 089 074 055 055 100 048 036 025 034 0.51
h=24 071 094 081 098 075 0.69 090 088 027 022 025 0.57
h=52 077 053 052 097 08 081 088 097 082 062 074 0.86
all h 088 060 054 099 08 082 096 080 052 044 046 0.1

Predictor = ¢/p

h=1 010 040 031 033 020 013 024 033 071 065 019 041
h=4 044 011 053 051 061 098 053 037 048 056 052 0.34
h=12 052 041 083 090 091 098 039 023 019 027 075 047
h=24 023 056 098 093 084 087 090 074 029 043 062 0.75
h=52 08 059 039 091 09 1.00 097 090 092 092 0.78 0.87
all A 0.40 0.67 043 099 094 096 079 0.65 061 058 0.8 0.89

Predictor =btm

h=1 069 018 0.17 0.05 029 094 040 095 094 0.79 0.65 0.09
h=4 055 057 029 017 014 0.06 040 071 089 039 0.19 0.18
h=12 093 050 020 011 010 017 046 098 056 035 048 0.24
h=24 087 063 033 037 033 023 034 063 069 049 043 0.59
h=52 091 090 073 053 057 043 042 065 081 099 091 0.84
all A 097 080 045 040 043 044 044 068 087 0.70 0.67 0.8

Predictor =dfy

h=1 0.03 0.01 0.01 o0.02 022 039 0.04 0.01 0.01 0.01 o0.01 o0.01
h=4 048 011 014 027 096 045 0.05 0.01 0.01 0.01 0.01 o0.01
h=12 043 016 036 059 098 051 0.11 0.02 0.01 0.01 0.01 o0.01
h=24 087 062 094 074 059 029 019 010 0.01 0.06 0.04 0.06
h=52 037 067 094 078 038 031 009 0.03 009 013 034 0.14
all h 0.40 029 070 0.71 040 031 0.09 0.03 0.06 014 0.08 0.14

Predictor =tms

h=1 0.07 0.01 032 0.05 021 050 050 034 009 0.09 041 0.09
h=4 0.03 0.03 0.04 008 026 021 008 0.08 0.07 013 0.08 0.06
h=12 043 0.05 0.05 0.05 0.11 013 025 013 0.11 0.08 0.35 0.09
h=24 045 0.08 0.03 008 011 019 028 026 028 034 055 0.09
h=52 026 006 0.03 0.05 0.10 024 033 040 054 045 0.14 0.10
all h 0.30 0.06 0.03 0.05 0.10 024 034 040 052 048 0.14 0.10

Predictor =tbl

h=1 085 0.04 0.01 0.01 0.01 0.15 042 049 077 0.60 0.34 0.01
h=4 033 006 0.02 0.01 0.01 0.01 0.01 011 016 092 085 0.01
h=12 039 011 0.03 0.01 0.01 0.01 0.09 023 056 079 094 0.04
h=24 074 013 0.05 0.01 0.03 0.02 007 028 089 089 0.87 0.05
h=52 047 0.04 0.02 006 0.07 014 028 054 0.75 076 082 0.11
all h 0.58 0.05 0.02 0.05 0.08 0.11 026 047 080 090 0.99 0.12

Notes: This table shows the individual and joint p-values over prediction horizons h = 1,4,12, 24,52
weeks and quantile levels 7 ranging from 0.05 to 0.95. The entries in bold are instances of statistical
significance at the 5% level.
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Table 13: Weekly return predictability: MMC tests

7= 005 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 095 allr
Predictor = d/p
h=1 086 098 099 1.00 1.00 088 1.00 095 098 098 0.83 1.00
h=4 099 093 100 1.00 100 097 1.00 1.00 1.00 0.83 0.28 1.00
h=12 098 099 100 1.00 1.00 1.00 1.00 099 090 055 0.61 1.00
h=24 093 100 100 100 100 1.00 1.00 100 0.89 063 0.55 1.00
h=52 095 095 099 100 100 1.00 1.00 1.00 1.00 096 0.92 1.00
all h 099 097 099 100 1.00 1.00 1.00 1.00 0.99 0.88 0.81 1.00
Predictor = ¢/p
h=1 029 074 082 083 070 054 079 071 095 084 031 093
h=4 077 043 097 099 099 100 096 091 0.89 086 0.75 094
h=12 0.78 0.8 1.00 1.00 1.00 1.00 096 080 0.67 055 0.93 0.98
h=24 060 092 100 1.00 100 100 1.00 1.00 0.84 077 0.89 1.00
h=52 095 094 091 100 100 100 1.00 1.00 1.00 1.00 094 1.00
all h 0.80 097 094 100 1.00 1.00 1.00 1.00 096 0.92 098 1.00
Predictor =btm
h=1 090 044 050 0.08 056 100 069 100 099 089 077 0.21
h=4 070 077 068 047 039 023 078 091 098 058 0.33 0.53
h=12 096 071 045 027 030 051 081 1.00 0.78 0.52 0.65 0.55
h=24 094 079 062 0.75 059 056 070 091 0.88 071 0.63 0.87
h=52 096 095 092 084 08 075 081 091 094 1.00 1.00 0.99
all h 1.00 094 080 0.74 075 077 082 093 097 090 0.82 0.99
Predictor =dfy
h=1 019 0.02 0.03 0.07 030 0.50 0.17 0.03 0.02 0.02 0.04 0.06
h=4 062 030 030 046 098 053 0.16 0.04 0.05 0.05 0.07 0.19
h=12 066 044 054 0.73 1.00 0.61 0.23 0.10 0.08 0.13 0.10 0.37
h=24 097 078 099 090 073 053 043 026 0.14 030 0.30 0.61
h=52 070 086 098 0.86 0.57 047 034 028 037 041 0.59 0.78
all h 0.83 069 087 092 064 054 039 033 038 053 047 0.89
Predictor =tms
h=1 013 0.04 037 0.09 026 058 052 051 018 0.09 045 0.12
h=4 005 0.04 009 010 030 020 0.10 0.11 0.11 0.14 0.10 0.12
h=12 061 0.10 0.09 0.06 0.12 0.15 0.25 0.12 0.10 0.09 047 0.14
h=24 055 024 005 0.07 014 020 020 022 023 041 054 0.13
h=52 031 014 005 0.09 0.15 024 028 037 045 045 0.22 0.16
all h 0.33 0.15 0.05 0.09 0.15 025 028 038 047 047 024 0.16
Predictor =tbl
h=1 088 0.07 0.01 0.01 0.02 024 045 057 0.82 0.65 041 0.02
h=4 035 012 0.07 0.02 0.04 005 006 016 0.25 099 091 0.06
h=12 055 024 0.04 0.04 0.03 0.04 0.10 0.24 0.57 082 097 0.10
h=24 080 0.16 009 0.03 0.05 006 012 028 0.89 090 0.81 0.13
h=52 064 0.11 010 0.13 015 020 034 063 0.8 081 091 0.36
all h 0.76 0.11 0.10 0.12 0.15 0.18 032 054 089 091 099 0.37

Notes: See Table 12.
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