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1 Introduction

Forecasting risk measures such as Value-at-Risk (VaR) and Expected Shortfall (ES) is crucial
for financial institutions, risk managers, and regulators. VaR, which estimates a conditional
quantile in the lower tail of the return distribution, has long been a standard tool for assessing

potential losses. Specifically, the VaR for period ¢ at probability level « is defined as

VaRy, (a) = Qp (| Zi-1), (1)

where 7, denotes the asset return at time ¢ and @,,(«|Z;_1) is the ath conditional quan-
tile given the information set Z; ;. However, VaR has notable limitations, particularly its
inability to account for extreme losses beyond the quantile threshold defined by «, and its
potential failure to capture diversification benefits (Embrechts et al., 2002). This is because
VaR is not a coherent risk measure; it does not satisfy the property of subadditivity, mean-
ing that the VaR of a combined portfolio can exceed the sum of the VaRs of its individual
components. As a result, VaR may inadequately reflect the benefits of diversification.

In contrast, ES is a coherent risk measure, addressing these shortcomings by estimating
the expected loss beyond the VaR threshold and, in particular, satisfying subadditivity
(Artzner et al., 1999; Acerbi and Tasche, 2002). Conditional on information Z; 1, ES for

period t at probability level « is defined as

ES,,(a) = E[ry | ry < VaR,, (@), Z;_1], (2)

providing the average loss when r; falls below the VaR threshold in (1). This makes ES
a more theoretically sound measure that incentivizes diversification and better accounts
for extreme risks. Recognizing these advantages, the Basel Committee, through its Basel

IIT framework and the Fundamental Review of the Trading Book (FRTB), has replaced



VaR with ES as the primary metric for market risk capital requirements (Basel Committee
on Banking Supervision, 2019). This regulatory shift underscores the need for robust ES
forecasting models that can accurately quantify tail risk under changing market conditions.

ES forecasts can often be derived as a natural extension of many VaR forecasting meth-
ods. Nonparametric approaches, including historical simulation and kernel density estima-
tion, generate density forecasts from which both VaR and ES predictions can be obtained.
Similarly, parametric methods, typically based on models for the conditional variance, such
as GARCH specifications combined with a precise assumption about the conditional return
distribution, provide concurrent forecasts for both risk measures.

A prominent semiparametric method for VaR forecasting is quantile regression, specifi-
cally the Conditional Autoregressive VaR (CAViaR) models of Engle and Manganelli (2004),
which model the conditional quantile directly without relying on specific distributional as-
sumptions. Let y; = r; — p;, where u; represents the conditional location of returns, often
assumed to be zero, a constant, or a dynamic process such as AR(1), as in Kuester et al.

(2006). A first-order symmetric absolute value (SAV) CAViaR specification is expressed as

Qu(a| L) = wla) + B(a)Qy,_, (| L1-2) + () [yr-1], (3)

with the VaR in (1) given by Q,,(a|Zi—1) = e + Qy, (| Zi—1). This model treats positive
and negative deviations of y;,_; symmetrically, relying solely on |y, 1| and thereby implicitly
responding to volatility symmetrically. Alternatively, an asymmetric slope (AS) CAViaR

specification is given by

Qu (| Zi-1) =w(a) + B(a)Qy, ., (| Ti-2) + (4 (@) T{ye—1 > 0} + - (@) T{ye—1 < O}) [y,
(4)

where 1{-} denotes the indicator function. This formulation allows the model to capture



asymmetries in the conditional quantile dynamics by adjusting the slope based on whether
the previous centered return was positive or negative, thus making it sensitive to direc-
tional changes in past returns. The CAViaR models in (3) and (4) allow the dynamics of
Qy, (| Z;_1) to vary across different probability levels a and have shown strong performance
in empirical studies of VaR forecast accuracy (see, e.g., Sener et al., 2012). However, while
CAViaR models excel in predicting VaR, they do not inherently provide a mechanism for
generating ES forecasts, as they focus solely on a particular quantile of the return distribu-
tion.

Recent advances in risk forecasting have focused on methods that jointly estimate VaR
and ES, leveraging the fact that these two risk measures are jointly elicitable (Fissler and
Ziegel, 2016). A risk measure is said to be elicitable if it can be uniquely identified as
the minimizer of a well-defined expected loss function, also known as a scoring function. In
simpler terms, an elicitable risk measure can be evaluated and compared using a loss function
that ranks different forecasting methods based on their accuracy. While ES is not elicitable
on its own, the joint elicitability of VaR and ES allows for their simultaneous estimation
and evaluation using a common loss function. This property has been pivotal in recent
developments in financial risk forecasting.

Taylor (2019) proposes a joint VaR-ES model based on the asymmetric Laplace (AL)
distribution, where the VaR component is modeled using a CAViaR specification. This
approach uses the AL density to construct a likelihood function, whose maximization is
equivalent to minimizing a strictly consistent Fissler and Ziegel (2016) scoring function.
Similarly, Patton et al. (2019) introduce a semiparametric approach within the Generalized
Autoregressive Score (GAS) framework of Creal et al. (2013), which also exploits the Fissler
and Ziegel (2016) class of loss functions. Their GAS model dynamically adjusts both VaR
and ES estimates based on past observations, specifically reacting to VaR violations while

reverting to a long-run mean in the absence of breaches.



In this paper, we introduce a novel semiparametric CAViaR-based framework for fore-
casting VaR and ES, which we term the Quantile-based Scale Dynamics (QbSD) approach.
The QbSD framework extends the widely used GARCH class by replacing the conditional
standard deviation with a conditional scale—a measure analogous to the interquartile range
(IQR), but more flexible as it is based on the difference between two specified quantiles
of the return distribution, similar to Taylor (2005). To model the dynamics of the condi-
tional scale, QbSD employs global CAViaR specifications in which persistence parameters are
shared across quantiles to ensure parsimony, while local parameters account for level-specific
adjustments. Parameter constraints enforce non-crossing quantile ordering and strictly pos-
itive scale values, ensuring internal consistency and robust tail risk estimation.

Beyond its theoretical advantages, the QbSD approach aligns with practical needs in
financial risk management. Financial institutions rely on multiple model validations in mod-
ern risk management frameworks, particularly for stress-testing and regulatory reporting
under Basel III guidelines. Given its flexibility and lack of reliance on specific distributional
assumptions, QbSD can serve as a complementary tool for financial institutions in bench-
marking VaR and ES estimates against conventional models. This is particularly relevant
in periods of financial distress, where traditional parametric models may struggle to adapt
to evolving risk dynamics. Furthermore, by providing more accurate tail risk estimates,
QbSD can aid institutions in regulatory capital calculations and internal risk monitoring,
supporting more resilient decision-making.

To achieve this, QbSD models the dynamics of conditional quantiles, enabling a struc-
tured estimation of both VaR and ES. Specifically, VaR is estimated from the left-tail quantile
of the rescaled returns, while ES is approximated by averaging quantiles across probability
levels below the VaR threshold. This approach leverages the representation of ES as the
integral of conditional quantiles across the left tail of the distribution up to the VaR prob-

ability level (see, e.g., Acerbi and Tasche, 2002). As a result, the method delivers valid,



well-ordered risk estimates across all probability levels, including those in the extreme tails
of the distribution.

This approach shares similarities with the Filtered Historical Simulation (FHS) method
described by Christoffersen (2012, Section 6.4), which first applies a volatility model—
typically a GARCH specification with an assumed innovation distribution—to filter historical
returns. FHS then standardizes the returns by dividing them by the conditional volatility
estimates, and subsequently computes the quantiles of these residuals to estimate VaR. The
average residual loss beyond the VaR estimate is used to calculate ES. In contrast, the semi-
parametric QbSD approach does not rely on a specific distributional assumption. Instead,
it models the conditional scale dynamics using restricted CAViaR specifications, offering a
robust and distribution-free framework for forecasting VaR and ES.

The remainder of the paper is organized as follows. Section 2 develops the QbSD approach
for forecasting VaR and ES. Section 3 presents simulation experiments designed to evaluate
the performance of the proposed method across a range of market conditions. In Section
4, we assess the QbSD method’s effectiveness through an empirical application, using daily
returns from major international stock indices, including the volatile period surrounding the
COVID-19 pandemic. Finally, Section 5 concludes the paper. Additional numerical and

empirical results are provided in the Supplementary material.

2 Quantile-based modeling

2.1 Background

Consider first the unconditional distribution of asset returns and suppose it belongs to the
location-scale family, so that

T = |+ Sey, (5)



where g is the location parameter, s > 0 is the scale parameter, and ¢; is an i.i.d. innovation
with distribution function F. and zero location.

There are several ways to define the scale parameter. A commonly used one is the stan-
dard deviation, which is based on moments. Despite its widespread usage, the standard
deviation is sensitive to the presence of outliers and may even be undefined or infinite for
distributions with heavy tails. This sensitivity arises from the fact that the standard devia-
tion has a zero breakdown point, meaning that even a single outlier can significantly distort
the estimate (see Huber and Ronchetti, 2009, Ch. 5). In contrast, scale estimators based on
interquantile ranges have non-zero breakdown points, making them more robust to outliers
and extreme values, which are common in financial return data.!

With the location-scale representation in (5), the pth quantile of the unconditional return
distribution is @,,(p) = p + SF;(p). Let 0 < p < 0.5 be a chosen quantile level. Following
Taylor (2005), consider the quantile at the (1 — p)th level as a natural and compelling

counterpart. Even when g is unknown, we can obtain s as

s — Qrt(l _p> B Q"’t(p)

Cp

, (6)

where ¢, = F-'(1 — p) — F-!(p) is a scaling term. Note that when r, ~ N(u,0?), then
(6) yields s = 0. The quantity IQR = @,,(0.75) — Q,,(0.25) is the well-known interquartile
range, which takes the form in (6) by setting ¢, = 1. Another measure that fits this format
is the Pearson and Tukey (1965) scale measure that uses p = 0.05 and ¢, = ¢o(1 —p) — qo(p),
where ¢o(p) is the pth quantile of the standard normal distribution. See Taylor (2005) and

Kotz and van Dorp (2005, Table 1) for other examples.

'Kim and White (2004) also advocate using quantiles to estimate characteristics of return distributions,
focusing on robust measures for capturing skewness and kurtosis. Through simulations, they demonstrate
that empirical moment-based estimators are significantly more sensitive to outliers. See also White et al.
(2010) and Ghysels (2014).



2.2 Conditional dynamics

We extend the basic specification in (5) to allow the location and scale parameters to be
conditionally dynamic so that

Ty = [t + StE¢, (7)

where p; and s; > 0 are functions of past information, Z; ;. This structure mirrors the
typical GARCH framework, where both the conditional mean and the conditional standard
deviation evolve over time based on past information. In the following, we focus primarily on
first-order specifications when modeling the dynamics in yx; and s;. While higher lag orders
can be taken into account if required, such specifications are widely favored and commonly
used in practice.

In some applications, it may be reasonable to set yu; to zero or to assume that y; = i, as
done in Taylor (2019). However, autocorrelation in financial returns is often non-negligible
(Kuester et al., 2006). This property can be incorporated into our quantile-based modeling
framework by allowing the returns to have a time-varying conditional median of the form
e = @, (0.5|Z;_1), which may be captured by a quantile autoregression (QAR) model, as
proposed by Koenker and Xiao (2006). For example, a first-order QAR model is formulated

as

QT‘t (05 |It—1) = + gbrt—l: (8)

where p represents a baseline median, and ¢ captures the impact of r,_; on the current
period’s median.

Our analysis concentrates on downside market risk. Accordingly, we define 0 < 7 <
0.05, where 7 represents the typical left-tail region of interest in financial risk management,

capturing extreme losses. We then set 7 < p < 0.5, where p specifies the quantile levels used



to construct the scale measure. Consider the conditional version of (6) written here as

§; = St(p) — QTt(l - p|It—1C) - Qrt (p|It—1), (9)

where ¢, = F.1(1—p) — F'(p) is a time-invariant scaling term, as before.? It is interesting
to note here again that s, is invariant to the specific process governing p, in (7). We can
then express the model specification as

re = bt + Sy, (10)

S: = Qyt(l - p|It—1) - Qyt(p|It—1)7

where v, = r, — iy and € = y/s; = &1/c, is simply a rescaled version of €;. The 7th
conditional quantile of y; = sfe} is given by Q,,(7|Zi_1) = s;F.'(7), where F2'(7) is a
constant. Similar to the conditional standard deviation in a GARCH model, s} serves as a
common factor across quantiles, ensuring coherence and building dependence between them
in a parsimonious manner.

To model the dynamics of s}, we draw a parallel with the absolute value GARCH model
of Taylor (1986, Section 3.6) and Schwert (1990), which captures the conditional standard

deviation using past absolute deviations. We assume

sy = w + Bsiy 0yl (11)

so that the scale of returns adjusts dynamically in a manner similar to the absolute value
GARCH framework. Observing that sz‘_jFE_*l(k:) = Qy,_;(k|Zi—j-1), we adopt the approach

of Xiao and Koenker (2009), who use an absolute value GARCH structure, to express the

2 As Taylor (2005) observes, estimating scale (or volatility) using the interval between tail quantiles shares
similarities with range-based volatility estimation (e.g., Parkinson, 1980; Garman and Klass, 1980; Alizadeh
et al., 2002). This class of methods relies on the difference between the highest and lowest log prices, which
essentially correspond to the quantiles at 1 —p =1 and p = 0, respectively.



two key quantiles in (10) with the following global SAV CAViaR structure:

Qu (k| i) = w(k) + (B + vIei1]) Quuoy (k| Tez), (12)

for both k = p and k = 1—p, subject to w(p) < w(l—p), 5 > 0, and v > 0. These restrictions
ensure non-crossing quantiles and guarantee s; > 0 in (10), provided the recursion begins
with Qy, (p|Zo) < @y (1 — p|Zy). Here, the persistence parameters 5 and v are global,
meaning they do not vary with k, while w(k) = wFx'(k) is local and dependent on the
quantile level k.

As an alternative to (11), we also consider a threshold-based specification, similar to the

threshold GARCH model of Zakoian (1994):

st =w+Bsy+ (v T{y-1 > 0} + -y < 03)|yel,

which allows s; to respond differently to positive and negative values of y,_;. This leads to

the following global AS CAViaR structure:

Qu (k[ Zi1) = w(k) + (5 + (v U{ye—1 > 0} + - 1{y1 < 0}) |5:—1|>Qyt71(k | Zi2), (13)

for both k = p and k = 1 — p, subject to w(p) < w(l —p), B >0, v4 >0, and v_ > 0. Here,
B, v+, and y_ are global parameters. This specification allows an asymmetric response in the
conditional quantile process, capturing the differing impacts of positive and negative past
shocks. Empirical studies by Nelson (1991), Glosten et al. (1993), and Engle and Ng (1993),
among others, provide strong evidence that asymmetry is crucial for accurately modeling
volatility dynamics, as negative stock returns are typically associated with greater increases
in return volatility. This justifies the inclusion of an asymmetric term in financial time series

models such as the AS CAViaR. For simplicity, the notation in (3), (4), (8), (12), and (13)



omits the dependence on the involved parameters.

For estimation purposes, we recommend the following sequential strategy: (i) estimate
the parameters of (8) and obtain the fitted values ji; = Q,,(0.5]|Z;_;), and then (i) estimate
the parameters of the CAViaR specifications with p,; replaced by ji;. While this approach
may not be as statistically efficient as joint estimation, it offers the advantage of being
simpler and more numerically robust. We begin with the estimation of the QAR model. Let
0, represent the parameter vector for (8) with k& = 0.5. The estimate 6y, can be obtained by

solving the minimization problem

mmZpk — Qn (k| Z-1)], (14)

where pglu] = u(k —1{u < 0}) is the quantile regression “check” loss function (Koenker and
Bassett, 1978).

The estimation of (12) and (13) proceeds with restricted quantile regression. When
fitting these CAViaR specifications to data, a choice needs to be made for the initial value
Qy, (k| Zy). A simple and reasonable approach is to set Q,, (k| Zo) = Q,(k), the corresponding
sample quantile. This choice ensures that all subsequent conditional quantiles will satisfy
the non-crossing condition, both in and out of sample. For instance, in the case of (12), the

parameter estimates for @ = (w(p), w(l—p), B, 7)/ are found by solving:

Y S ol - Qulk|Zi)]

kE{p,l p} t
w(p) <w(l—p),

g =>0,v=>0,

subject to

with Qy, (k|Zo) = Q,(k), for k € {p,1 — p}. Note that the constraints apply only to the

model parameters, without involving the data. The estimation of (13) follows a similar

10



procedure, with the constraint on 7 replaced by v, > 0 and v~ > 0.

With the estimated parameters, the fitted value of s; = §7(p) in (10) is calculated as

§:(p> - Qyt(l _p’It—l) - Qyt(p ‘ It—l)'

Then, using the fitted location fi; and scale numerator §;(p), it is natural to use the un-
conditional quantiles of €5 (p) = (r — fi)/5;(p) as estimates for F;zp) (7), since we are not
assuming any particular distribution for &; in (7). The estimated left-tail 7-quantile of the

conditional return distribution is then given by

Qrt (T7p | It_l) = [Lt + §:(p)ﬁ15_*%p) (7—)7 (15)

for 0 < 7 <0.05.

2.3 Estimating VaR

We estimate the VaR in (1) based on the left-tail quantile of the conditional return distri-
bution. In our quantile-based framework, the VaR estimate for a given probability level «

is defined as

VaR,, (@, p) = Qp(a,p| T 1), (16)

where Q,,(a,p|Zi_1) is derived from the dynamic quantile estimate in (15), evaluated at
T=a.

While the VaR estimate in (16) can be computed for a given value of p, relying on
a single scale-defining quantile level may lead to inefficiencies. Since the seminal work of
Pearson and Tukey (1965), it has been well understood that using the interval between
symmetric tail quantiles to estimate standard deviation is influenced by the skewness and

kurtosis of the distribution. Furthermore, as early as Mosteller (1946), it was suggested that

11



interquantile range-based estimates of standard deviation could be improved by considering
multiple quantile pairs. Building on these insights, we extend this principle to VaR estimation
by computing estimates across multiple quantile levels and aggregating the results using an
averaging scheme.

Specifically, we define a set of scale-defining quantile levels P and compute VaR for each

p € P. The final VaR estimate is then given by

— 1 —
VaR,,(a) = 7] > VaR,, (o, p), (17)

peEP

where |P| denotes the number of quantile levels used. For our implementation, we use the
set P = {0.05,0.10,0.15,0.20,0.25}. While this choice is somewhat ad hoc, it corresponds
to the relatively more robust values reported in Huber and Ronchetti (2009, Exhibit 5.4) for
estimating scale using interquantile ranges.

We also considered alternative methods, such as using a single quantile level or aggre-
gating via the median across P. However, simulations indicate that averaging yields greater
stability and lower overall estimation error. This approach mitigates fluctuations in tail be-
havior and enhances out-of-sample performance, particularly for heavy-tailed distributions.
A detailed comparison of these methods is provided in Section A of the Supplementary

material.

2.4 Approximating ES

The ES in (2) represents the conditional expectation of loss, given that the loss has exceeded
the VaR threshold at a specified probability level a. As shown by Acerbi and Tasche (2002),

among others, ES can be expressed as

ES,, (o) = é/o Q. (1T|Z,—1) dr, (18)
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where @, (7| Z;_1) represents the conditional quantile for 7 < a.
To compute this integral in practice, we approximate it using a sum over N equally

spaced subdivisions between 0 and «, similar to a Riemann sum approximation:
—~ 1 N
Esrt(avpv N) = N Z Qrt (Tiap | It—1)7
i=1

where 7; = ia/N for i = 1,..., N, and each Qrt (7i,p| Zi—1) is the corresponding quantile
estimate from (15).
As with VaR, we compute ES for several values of p to obtain a more robust estimate.

Specifically, for each fixed N, we take the average ES across different quantile levels p:

ES,, (o, N) ZES” a,p, N

pGP

This averaging process reduces estimation errors associated with any single p, leading to
a more efficient and reliable ES estimate. The order of operations is important: by first
approximating the integral over 7 before averaging across p, the quantiles used in each
]/EVS” (cr, p, N) share a consistent scale structure. Averaging across p only afterward preserves
the internal coherence of each quantile specification and avoids mixing quantiles constructed
under differing scale definitions.

Rather than fixing N a priori, we employ an adaptive selection method. We initialize
with N = 4 and iteratively increase it, computing ES at each step. The iteration stops when

successive averaged ES estimates stabilize within a predefined tolerance level e:
|ES,.(a, N) — ES,,(a, N —1)| < ¢

where we set € = 0.0001 in our implementation. This ensures sufficient numerical accuracy

while avoiding unnecessary computations. The stabilized ES estimate is denoted E/Jé,,t(a).
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An important advantage of the QbSD approach is its ability to prevent inconsistencies
common in tail risk estimation. Specifically, it avoids: (i) quantile crossings, (ii) crossings
among ES values at different probability levels, and (iii) crossings between quantiles and
their corresponding ES values. This method ensures valid, well-ordered risk estimates across

all probability levels «, even in the extreme tails of the distribution.

3 Simulation experiments

In this section, we investigate the accuracy of the proposed QbSD approach with respect
to the one-step-ahead VaR and ES forecasts at probability level a. The performance of the
QbSD models is evaluated using mean absolute error (MAE) and root mean squared error
(RMSE), and compared to several benchmark models, including GARCH and joint VaR-ES
models. The analysis also assesses the models’ ability to capture skewness, heavy tails, and

leverage effects in financial returns.

3.1 Simulation design

The data-generating process (DGP) is the asymmetric power ARCH (APARCH) model of

Ding et al. (1993), specified as

Ty = O1Ey,

(19)

5 5 5

op =w+ Boy_y +y(|re-1] — Ori-1)°,
where w, 3,7,0 > 0 and —1 < # < 1. The innovations ¢; follow the skewed t-distribution
of Hansen (1994). This model nests several well-known specifications as special cases. In
particular, when 0 = 2 and # = 0, the model reduces to a standard GARCH model. When
d = 1, it becomes the absolute value GARCH model of Taylor (1986, Section 3.6) and Schwert

(1990), which implies direct CAViaR representations for the conditional quantiles (Xiao and
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Koenker, 2009). Furthermore, when 6 # 0, the model implies an asymmetric response of
volatility to past returns. When 6 > 0, this asymmetry takes the form of a leverage effect,
whereby negative returns have a larger impact on future volatility than positive returns of
the same magnitude (Black, 1976; Christie, 1982; French et al., 1987).

The density function of the innovation term ¢; appearing in (19) is defined as

—(v+1)/2
be (1 + vi2 (bfL—Jr;y) , ifx < —a/b

fe(x;v,\) = e (20)
bc <1+Ui2 (bf:;)2> , ifx>—a/b

where the constants a, b, and ¢ are themselves defined as

-2
0 = 42 , b=vV1+3X\ —a? ¢
v—1 (v —2)['(3)

and the parameters v > 2 and —1 < A < 1 represent the degrees of freedom and the
asymmetry of the distribution, respectively. The skewed t¢-distribution has a mean of zero
and unit variance. When A = 0, it reduces to a standardized version of the traditional
Student-t distribution. A positive X\ implies right skewness. Financial returns typically have
a higher probability of large negative returns than large positive ones, corresponding to left
skewness (A < 0).

The distribution in (20) is piecewise-defined around its mode at © = —a/b, which sepa-
rates the left and right parts of the density and plays an important role in the derivation of
VaR and ES. Jondeau and Rockinger (2003) show that the associated cumulative distribution

function (CDF) is defined by




where Fr(z;v) is the CDF of the Student-¢ distribution with v degrees of freedom, and the

quantile function of the skewed t-distribution is given by

(- NRE () —a) s ifus
.

£

(w0,2) = 1 2 =1 (utA - 1-)
3<(1+)\) —=Fr (%;U)—@), if u > 5=,

Under this DGP, both the VaR and ES of r; are proportional to ;. The true one-
step-ahead VaR forecast is VaR,, , (a;v,\) = o441 F.H(a; v, A) and the true one-step-ahead
ES forecast is ES,,,, (a;v,\) = 0.41ES.(o; v, A), where the ES for Hansen’s (1994) skewed

t-distribution is given by Patton et al. (2019) as?

ES? (a;v, ), it £ (o0, \) < —a/b
ES.(a;v,\) = (21)
1?T“ES:(l —a;v,—N), if F-Ya;v,\) > —a/b

with

(1— /\)( _ 0 1 Ay v))

ESI(a;v,\) = 3 7

L&

and

a=F. (%(Fel(a; v + %);v, o).

Here ES7(a;v) is the ES for a Student-¢ distribution, standardized to have unit variance,

given by

v—{—qi) v—2
v

BS(00) =~ fr(aa: o)

I

v—1

where fr(w;v) and ¢, = Fr'(a;v) are, respectively, the density and a-quantile of the

3The expression in Appendix B.4 of Patton et al. (2019) contains some typos. It can be verified, either
analytically or by simulation, that (21) is the correct ES expression for Hansen’s skewed ¢-distribution. In the
second branch of (21), the parameters are flipped to (v, —\) (so the constants change to as, by accordingly)
when evaluating ES?. The prefactor (1 — o)/« converts that right-tail ES at level 1 — « back to the desired
left-tail level a.

16



Student-¢ distribution with v degrees of freedom (Broda and Paolella, 2011; Dobrev et al.,
2017).

In the DGP outlined in (19), we set the parameters as follows: w = 0.05, § = 0.85,
v = 0.10, and § = 1.5, while allowing € to take values in {0,0.5}. For the skewed t-
distribution in (20), we select v € {5,20} to represent different tail thicknesses, with v =5
corresponding to heavy tails and v = 20 representing thinner tails. We use A € {0,—-0.5}
to capture different levels of skewness, with A = 0 indicating no skewness and A = —0.5
implying left skewness. The sample size is set to T' = 1250, which corresponds to roughly five
years of daily returns and matches the primary rolling-window length used in our empirical
application. The results presented in the main text focus on this baseline case; additional
simulations for 7" € {250,2500} are reported in Section B of the Supplementary material.
We consider three probability levels for the forecasts: a € {0.01,0.025,0.05}. The choice of

= 1.5 allows us to explore a setting where the power parameter lies between the standard
GARCH model (6 = 2) and the absolute value GARCH model (6 = 1).* We set 6 € {0,0.5}
to explore the role of asymmetry in volatility dynamics. As noted earlier, § = 0 yields a
symmetric response, while § = 0.5 introduces a leverage effect.

For each DGP configuration, we evaluate the forecasting accuracy by computing the MAE
and the RMSE across all 1,000 generated return series. These metrics allow us to compare
the performance of the models in capturing the true one-step-ahead VaR and ES forecasts.
In our simulations, we consider the QbSD model with the two global CAViaR specifications
in (12) and (13). Consistent with the simulation DGP in (19), all QbSD and benchmark
models, presented next, assume a zero location for returns. This assumption simplifies the

modeling process, allowing us to focus on volatility and tail risk dynamics.

4This value of § is close to the estimate of 1.43 reported by Ding et al. (1993) in their study of S&P 500
returns.
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3.2 Benchmark models

To assess the performance of our QbSD models, we compare them with several established
models commonly used in financial risk forecasting. The benchmarks include the VaR and ES
forecasts from the standard GARCH model, the asymmetric GJR-GARCH model (Glosten
et al., 1993), and the EGARCH model (Nelson, 1991), each with normal innovations. Ad-
ditionally, for the GARCH and GJR-GARCH models, we consider alternative distributional
assumptions for the innovations, including the Student-t distribution and Hansen’s (1994)
more general skewed ¢-distribution.?

We also include the joint VaR-ES model proposed by Taylor (2019), which employs a
pseudo-maximum likelihood estimation approach based on the AL density function for the

joint estimation of VaR and ES. The conditional AL density function is given by

fir) = 9= o ((n — VaRy) (@ — 1{r; < VaRt})> |

ESt aESt

where VaR; is modeled using either the SAV or AS CAViaR specifications from expressions
(3) and (4), with y; replaced by r;, under the mean zero assumption. The complete model

includes two alternative specifications for the dynamics of the ES:
ESt = (1 + eXp(’}/o)) VaRt (22)

or

ESt = VaRt — T, (23)

5We consider the EGARCH model only with normal innovations, as it tends to exhibit instability when
applied with t-distributed errors (Nelson, 1991, p. 365).
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where x; follows a dynamic updating process:

Yo+ 1 (VaRi—1 — 1-1) + Yawi—1, if g < VaR,
Ty =

Ti_1, otherwise.

This formulation provides a smooth adjustment to the magnitude of exceedances beyond the
VaR, dynamically updating based on past returns and exceedances.

To differentiate between the two AL-based specifications, we use the notation “ALypuy.”
for the multiplicative version in (22), where ES is modeled as a multiple of VaR, and “ALgr”
for the autoregressive version in (23). For these AL-based models, we further indicate the
choice of VaR specification using the suffixes “-SAV” for the SAV CAViaR model in (3) and “-
AS” for the AS CAViaR model in (4). For example, ALy -SAV refers to the multiplicative
AL-based model with the SAV CAViaR specification. The QbSD models, in contrast, rely on
global CAViaR specifications, where the scale dynamics are shared across quantiles. Here,
the suffix “-gSAV” denotes the global SAV CAViaR specification (12), while “-gAS” refers
to the global AS CAViaR specification (13). For example, QbSD-gSAV refers to the QbSD
model with the global SAV CAViaR specification.

In addition to the quantile-based models, we also consider the one-factor GAS model
proposed by Patton et al. (2019), which provides an alternative framework for jointly mod-
eling VaR and ES. This model is based on the following member of the Fissler and Ziegel

(2016) class of loss functions:

VaRt

ES,

LFZO<Tt7 VaRt, ESt) = — ]].{Tt S VaRt}(VaRt — Tt) + + 10g(—ESt) — 1.

CYESt

The FZ, loss function is strictly consistent for the pair (VaR, ES). Although the loss itself is

not homogeneous of degree zero—due to the log(—ES;) term—the differences in loss values

19



between competing forecasts are. This ensures that forecast rankings based on average loss
are invariant to positive scaling of both returns and risk measures.

The joint specification for VaR and ES is
VaR; = Cexp(ky), ES; = Eexp(ky), with &< (<0,
where the common factor x; evolves dynamically as
Ke =W+ BRi—1 + Vg1,

and the score function ¢, derived from the FZ0 loss function, is given by

1

gt:—E—St

1
(a]].{?“t S VaRt}Tt — ESt) .

This approach dynamically updates both VaR and ES based on the information in past
losses. Following Patton et al. (2019), we set w = 0 for identification and estimate the
model by minimizing the average FZ0 loss.

These competing models offer a range of benchmarks for evaluating the forecasting per-
formance of the QbSD models. In the next section, we present the simulation results and
assess how well each model captures key features of financial returns across the various
DGP configurations. It is interesting to note that none of the models exactly matches the
DGP in (19), which makes the forecasting task more challenging and offers a stricter test of

adaptability.

6Since the Hessian of the FZ0 loss is constant, the scaling matrix in the GAS framework of Creal et al.
(2013) can be set to one without loss of generality. This simplifies estimation while preserving the model’s
essential dynamics.
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3.3 Numerical results

This section presents the forecasting results for the QbSD and benchmark models across the
simulation scenarios. Tables 1-4 report out-of-sample one-step-ahead VaR and ES accuracy
(MAE and RMSE) under symmetric and asymmetric volatility dynamics.

Table 1 reports VaR forecast accuracy with no leverage (symmetric volatility dynamics).
Parametric GARCH-family models with correctly specified innovations (Student-t under
symmetry; skew-t under left skew) lead across configurations. With symmetric innovations
(v=20,\ =0), GARCH/GJR with Student-t is best across « (e.g., MAE 0.071, 0.054, 0.044;
RMSE 0.095,0.073,0.059), while QbSD-gSAV is competitive but not top. With left skewness
(v = 20,A = —0.5), skew-t dominates (e.g., GJR-skew-t MAE 0.098,0.068,0.049; RMSE
0.132,0.093,0.069), with only minor differences between GARCH and GJR. Under heav-
ier tails (v = 5), the pattern persists: when A = 0, GARCH/GJR~t remains best (MAE
0.103,0.068, 0.050; RMSE 0.143,0.097,0.072); when A = —0.5, GJR-GARCH with skew-t
leads (MAE 0.145,0.084,0.054; RMSE 0.213,0.134,0.093). Across all blocks, QbSD-gSAV
improves on AL-based and GAS alternatives but trails the best-specified GARCH variants.

Turning to ES under symmetric volatility (Table 2), the same ordering emerges: match-
ing the innovation distribution to the DGP is pivotal. In the symmetric case (v = 20, A = 0),
GARCH/GJR-t attains the lowest errors (MAE 0.100, 0.075, 0.060; RMSE 0.129, 0.099, 0.081).
Introducing left skewness (v = 20, A = —0.5) shifts the frontier to skew-t (GJR-skew-t MAE
0.146, 0.105,0.080; RMSE 0.191,0.140, 0.108). Under heavier tails (v = 5), Student-t remains
best when A = 0 (MAE 0.180, 0.118,0.086; RMSE 0.241,0.162, 0.120), while skew-¢ variants
lead for A = —0.5 (e.g., GJR-skew-t MAE 0.117,0.173,0.117; RMSE 0.174,0.247,0.383).
Al-based and GAS models are consistently less accurate.

Table 3 reports VaR accuracy with leverage (6 = 0.5). QbSD-gAS delivers the lowest

errors in most configurations featuring skewness and/or heavy tails. For example, at v =
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20, A = —0.5, it is best across a« (MAE 0.172,0.125,0.096; RMSE 0.238,0.183,0.138). In
the heavy-tailed but symmetric case (v = 5, A = 0), QbSD-gAS is generally strongest, with
EGARCH edging it at « = 2.5% (MAE 0.105 vs. 0.110). Under heavy tails with left skewness
(v=>5,A=—0.5), GJR-skew-t attains the lowest MAE (0.233,0.152,0.108), with QbSD-gAS
close behind. A notable exception is the thin-tailed, symmetric DGP (v = 20, A = 0), where
EGARCH dominates (MAE 0.105,0.075,0.062; RMSE 0.148,0.107,0.086).

Table 4 presents ES accuracy with leverage. QbSD-gAS leads in most configurations. It is
best across @ at v = 20, A = —0.5 (MAE 0.235,0.174,0.140; RMSE 0.314, 0.238,0.195) and at
v=>5X=0(MAE 0.292,0.186,0.136). In the heavy-tailed, left-skewed case v = 5, A = —0.5,
GJR-skew-t has the edge (MAE 0.388,0.263,0.191; RMSE 0.526, 0.352,0.256). For the thin-
tailed symmetric DGP v = 20, A = 0, EGARCH is competitive and surpasses QbSD-gAS
at higher « (e.g., MAE 0.113,0.086 and RMSE 0.157,0.122 at 2.5% and 5%, vs. QbSD-gAS
0.125,0.103 and 0.165,0.137); QbSD-gAS is slightly better at 1% (MAE 0.165 vs. 0.167).

Overall, the evidence suggests a clear division: when volatility responds symmetrically
and the innovation distribution is correctly specified (e.g., appropriately heavy-tailed or
skewed), parametric GARCH variants set the benchmark for VaR and ES; once lever-
age/asymmetry matters, allowing asymmetric-slope (gAS) scale dynamics is pivotal—the
proposed QbSD-gAS specification is typically strongest, particularly for ES, with EGARCH
competitive and occasionally best in thin-tailed symmetric settings. Across these scenarios,
AL-based and GAS models remain less accurate. We next examine whether these patterns

carry over to international stock index returns.

4 Empirical Application

We evaluate one-day-ahead VaR and ES forecasts for the daily log returns of the S&P 500,

DJIA, NASDAQ, EURO STOXX 50, FTSE 100, DAX, CAC 40, and TSX stock indices. The
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daily adjusted closing prices for these indices were obtained from Yahoo Finance, spanning
October 4, 2002, to February 2, 2024, across indices. Due to differences in trading days and
data availability, the number of observations initially varies across the series.

To ensure comparability across stock indices, we standardized the sample size to match
the index with the shortest available data. Specifically, the EURO STOXX 50 has the
shortest sample, starting on October 21, 2002, and containing 5,357 daily observations,
ending on February 2, 2024. For consistency, we truncated the data for indices with longer
samples by counting backward from February 2, 2024, to retain exactly 5,357 observations for
each index. This adjustment implies the following starting dates: October 22, 2002, for the
S&P 500, DJIA, and NASDAQ); October 21, 2002, for the EURO STOXX 50; November 18,
2002, for the FTSE 100; January 3, 2003, for the DAX; February 27, 2003, for the CAC 40;
and October 4, 2002, for the TSX. As returns are calculated as first differences of log prices,
this sample size yields 5,356 daily return observations for all indices.

Figure 1 illustrates the time series of daily log returns (in percentages) for the S&P 500,
DJIA, NASDAQ, and EURO STOXX 50 indices, each exhibiting notable spikes in volatil-
ity during significant economic events such as the 2008 financial crisis and the COVID-19
pandemic. Figure 2 shows the daily log returns for the FTSE 100, DAX, CAC 40, and TSX
indices, which similarly exhibit heightened volatility during periods of financial stress.

We use a rolling window of R = 1250 estimation observations (approximately five trading
years) to produce one-day-ahead forecasts for VaR and ES. This choice balances sampling
variability against responsiveness to structural change. Model parameters are estimated
using the most recent 1,250 observations, and forecasts are updated daily as the window
moves through the sample period. Given the common sample of 5,356 daily returns, this
setup leaves an out-of-sample evaluation period of 4,106 observations. We forecast VaR and
ES at probability levels of 1%, 2.5%, and 5%. The 1% and 5% levels are widely used in

the literature, whereas the 2.5% level corresponds to the regulatory standard for ES adopted
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under Basel III. We also examined alternative rolling-window sizes of R = 250 and R = 2500.
To maintain focus in the main text, we present results for the 1,250-observation window,
while these alternative specifications appear in Section C of the Supplementary material.

We evaluate a total of twenty-eight competing risk models for forecasting VaR and
ES, including: (i) fourteen GARCH-type models (GARCH and GJR-GARCH with nor-
mal, Student-¢, and Hansen skew-¢ innovations under zero or AR(1) conditional means, plus
EGARCH with normal innovations under zero or AR(1) means), (ii) two GAS variants with
zero and AR(1) means (Patton et al., 2019), (iii) eight AL-based models following Taylor
(2019) (SAV and AS CAViaR for VaR dynamics, multiplicative and autoregressive specifica-
tions for ES dynamics, each under zero or AR(1) means), and (iv) four QbSD models (gSAV
and gAS scale dynamics under zero or QAR(1) conditional medians).

In the following tables, we use the prefixes “AR-” and “QAR-” to denote an AR(1)
conditional mean and a QAR(1) conditional median, respectively; models without a prefix

assume a zero conditional location.

4.1 Evaluation of VaR forecasts

We evaluate the accuracy of VaR forecasts using the model confidence set (MCS) proce-
dure of Hansen et al. (2011), which identifies a subset of models that are not significantly
outperformed at a given confidence level. The MCS framework is particularly useful in a
multi-model comparison setting, as it does not require selecting a single best model but
instead acknowledges model uncertainty by retaining all models that cannot be statistically
eliminated.

Following Hansen et al.’s (2011) suggestion, we apply the range-based procedure using
the maximum absolute ¢-statistic, which iteratively removes the model with the largest loss

difference relative to the others until only models that cannot be statistically distinguished
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from the best-performing ones remain. The final MCS consists of models that survive this
elimination process at the chosen confidence level.”

The test statistic is computed using the quantile score loss, given by

S(re1, VaReg1) = (rep1 — VaRegr) (o — 1 {ri1 < VaReyq}), (24)

where 1,1 is the realized return and VaR;;; is the predicted VaR at a given probability
level . This loss function is asymmetric and penalizes underpredictions more heavily than
overpredictions, making it well suited to the evaluation of downside risk.

Tables 5-7 present the MCS results for 1%, 2.5%, and 5% VaR forecasts across the eight
international stock indices. Models excluded from the 90% MCS (ASO% ) for a given index
are left blank. The remaining models are ranked by their average quantile score t-statistics;
the “#” column counts the number of indices for which a model remains in the MCS, while
the “Avg. rank” and “Final rank” summarize overall performance.

For the 1% tail (Table 5), QbSD-gAS attains the best overall rank and appears in the
MCS for all eight indices; its closest competitors are GARCH variants with skew-¢ innova-
tions (GJR-GARCH-skew-t, GARCH-skew-t), followed by GJR-GARCH-t, while AL-based
specifications generally trail. At 2.5% (Table 6), QbSD-gAS again ranks first overall (in
the MCS for all eight indices), with AL-based models featuring AS dynamics (ALppu.-AS,
AR-ALyps.-AS) close behind; among GARCH-type models, skew-t remains the most com-
petitive and EGARCH sits in the upper middle of the table. By 5% (Table 7), QbSD-gAS
still leads, EGARCH moves into second place, ALyp;;.-AS and the QAR-driven QbSD-gAS
(QAR-QbSD-gAS) remain prominent, and skew-t GARCH variants continue to perform well.

Across probability levels, the symmetric QbSD specification (QbSD-gSAV) underper-

forms its asymmetric counterpart, underscoring the value of allowing an asymmetric scale

"Specifically, we base the MCS on the T xq test statistic developed by Hansen et al. (2011, Section 3.1.2)
and compute it with 1,000 bootstrap iterations using the R package ‘MCS’ (Bernardi and Catania, 2018).
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response in practice. Within the GARCH family, skew-t innovations generally improve per-
formance at tighter tails (1% and 2.5%), whereas the strong showing of EGARCH at 5%
suggests that volatility asymmetry can partly compensate when attention shifts away from
the far tail.

While these results provide important insights into tail-risk quantile prediction, a fuller

assessment requires joint evaluation of VaR and ES, which we consider next.

4.2 Joint evaluation of VaR and ES forecasts

To jointly evaluate VaR and ES forecasts, we use the AL log score proposed by Taylor (2019).
This scoring rule is specifically designed to assess both VaR and ES, reflecting their joint

elicitability. The AL log score is given by

a—1
S VaR.1, ES =-—1 e
(7441, pev1, VaRyy1, ESi4) 0g (ESt+1 _ Mt+1)

(re41 — VaReg1) (o — T{reyq < VaReiq})
- , (25
a(ESt+1 - Mt+1)

where ;11 is the model’s conditional mean and ES;;; < ps4q is required. This proper scoring
rule penalizes both the incidence and severity of forecast errors in the left tail, encouraging
accurate joint predictions of VaR and ES.

Tables 8-10 summarize the MCS rankings under AL log scores. At the 1% tail (Table 8),
the best overall performer is AR-GJR-GARCH-skew-t, with QbSD-gAS a close second; both
appear in the MCS for all eight indices. Other skew-t GARCH variants (GARCH-skew-
t, GJR-GARCH-skew-t) are also highly competitive, whereas AL-based specifications sit
further down the table. At 2.5% (Table 9), leadership shifts to QbSD-gAS, which ranks first
overall and is included in the MCS for all eight indices. AL-based models with asymmetric

VaR dynamics (AS CAViaR), namely ALy-AS and AR-ALyp-AS, are close followers,
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with skew-t GARCH entries forming the next tier. By 5% (Table 10), QbSD-gAS again takes
the top spot (in the MCS for all indices), followed by ALsg-AS and ALy -AS; the QAR-
driven QAR-QbSD-gAS also ranks near the front. Skew-t GARCH specifications remain
competitive, while EGARCH occupies an upper-mid-table position.

Taken together, these results indicate that joint VaR-ES forecasting favors models that
accommodate asymmetric tail dynamics. QbSD-gAS is consistently among the best across
tail levels and leads at 2.5% and 5%, while skew-t GARCH variants are particularly strong
at the most extreme tail (1%). AL-based models with AS CAViaR VaR dynamics provide
robust competitors at 2.5% and 5%, reinforcing the importance of allowing asymmetry in

the VaR/ES system.

5 Conclusion

This paper introduced QbSD for forecasting VaR and ES: a semiparametric, distribution-free
approach that models conditional scale via restricted quantile regression and accommodates
skewness, heavy tails, and leverage—features that intensify during periods of market stress.

Across simulations and international equity indices, a consistent picture emerges. In
simulation designs without leverage, parametric GARCH models with heavy-tailed or skewed
innovation distributions set a high benchmark for both VaR and ES; Student-t and skew-
t specifications are especially effective. With leverage, allowing asymmetric-slope quantile
dynamics is pivotal: QbSD-gAS is frequently among the best, particularly for ES, while for
VaR, EGARCH and skew-t GJR-GARCH can also be highly competitive depending on the
tail level and distributional setting.

In the empirical evaluation with a five-year rolling window (R = 1250), QbSD-gAS is
the clearest overall performer for VaR under quantile-score MCS: it attains the best average

rank at 1%, 2.5%, and 5% across the eight indices, with skew-t GARCH variants forming the

27



next tier and EGARCH rising near the front at 5%. When VaR and ES are assessed jointly
via AL log scores, performance at the most extreme tail (1%) tilts toward skew-t GARCH
(AR-GJR-GARCH-skew-t), with QbSD-gAS a close second; at 2.5% and 5%, QbSD-gAS
leads, and AL-based specifications with AS CAViaR VaR dynamics (both multiplicative and
autoregressive ES linkages) are robust followers.

Two practical lessons follow. First, asymmetry helps—but not all asymmetries are equal:
QbSD-gAS delivers the most consistent improvements; skew-t innovations help when empir-
ical skewness is material; and EGARCH’s volatility asymmetry tends to help when return
innovations are near-symmetric with relatively light tails, whereas GJR’s benefits appear
mainly when combined with skew-¢ under skewed, heavy-tailed conditions. Second, the pre-
ferred specification varies with the tail probability and the evaluation target: skew-t GARCH
may perform well at the far tail (1%) under joint VaR-ES scoring, whereas QbSD-gAS pro-
vides the most consistent gains across tail levels for VaR and remains among the leaders at
2.5% and 5% in the joint evaluation.

Overall, QbSD—especially with asymmetric-slope (gAS) quantile dynamics—offers a ro-
bust, flexible addition to the risk-management toolkit. Its distribution-free construction,
strong showing under leverage and during turbulent periods, and straightforward extensi-
bility to log-location-scale settings (e.g., strictly positive losses such as credit losses and

insurance claims) make it well suited for practical deployment.
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Data and code availability

The data and code needed to reproduce the results presented in this paper are available at
https://github.com/richardluger/QbSD. The code is written in R with C++ functions for
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Table 5. Ranking of 1% VaR forecasting models based on the MCS procedure using quantile scores

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Ave Final
rank rank
QbSD-gAS 16 1 3 7 2 1 1 1 8 4.0 1
GJR-GARCH-skew-1 5 6 12 4 7 8 3 4 |8 74 2
GARCH.skew-t 20 3 9 9 9 6 16 6 |8 80 3
GJR-GARCH-t 7 7 1 ] 20 9 5 15 |8 81 4
AR-GJR-GARCH-skew-t 1 5 7 3 0 18 12 9 |8 81 5
AR-GARCH-skew- 13 9 | g 1 A4 15 8 |s 86 6
AR-GJR-GARCH-{ 9 9 10 6 19 711 21 |s 98 7
AR-ALnu -AS 410 16 20 4 12 14 2 |8 102 8
QAR-QDbSD-gAS 6 4 92 5 ! 4 28 3 |8 104 9
ALyt ~AS s 17 14 21 3 13 4 5 |8 106 10
AR-ALAr-AS 188 13 14 5 noo9 11 |8 111 11
ALaR-AS 14 18 15 19 6 10 5 7 8 11.8 12
GARCH-t 5 13 g 12 99 3 18 14 |8 119 13
AR-GARCH-t 3 11 9 9 91 20 13 22 |8 135 14
ALyt -SAV 12 19 5 16 6 19 6 2 |8 141 15
QAR-QbSD-gSAV 07 21 25 10 8 5 710 |8 141 16
AR-ALyus -SAV 9 14 6 17 18 2 10 19 |8 144 17
EGARCH 21 15 18 11 14 16 19 12 8 15.8 18
ALnr-SAV 22 24 4 18 13 17 17 17 |8 165 19
AR-ALr-SAV 0 12 17 24 15 921 20 18 |8 171 20
QbSD-gSAV 28 2% 15 12 9 8§ 13 |7 174 21
AR-EGARCH 19 16 19 13 17 26 21 16 8 18.4 22
GAS 11 22 20 27 23 27 24 23 8 22.1 23
AR-GAS 17 20 91 24 95 24 | 6 234 24
GARCH-normal o1 23 24 93 95 923 23 7 41 %
GJR-GARCH-normal 23 25 23 9 21 22 6 244 26
AR-GJR-GARCH-normal 25 26 28 25 5 2 6 251 27
AR-GARCH-normal % 27 97 %6 95 97 6 268 928

—

Notes: A model that is excluded from Mg, for a given stock index is left blank in the table. The remaining models
in /\7;0% are ranked based on their quantile score t-statistics, with lower values indicating better performance. The
column “#” represents the number of stock indices (out of 8) for which the model is included in M\So% . The “Avg.
rank” column reports the average rank across all stock indices, where models eliminated from M\So% were assigned
a rank of 28. The “Final rank” column orders models from best to worst based on their average rank, summarizing

their relative forecasting performance across stock indices. The rolling-window size is R = 1250.
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Table 6. Ranking of 2.5% VaR forecasting models based on the MCS procedure using quantile scores

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

QbSD-gAS 2 1 1 16 1 1 1 3 18 32 1

AL -AS 9 3 2 9 2 2 2 2 [ 8 39 2

AR-ALypyie -AS 6 4 6 8 3 3 3 1 |8 42 3

ALap-AS 7 5 4 4 8 4 8 5 |8 56 4

GJR-GARCH-skew-t 4 8 5 6 12 7 7 8 |8 71 5

QAR-QbSD-gAS 1 2 23 2 6 5 15 4 |8 712 6

GARCH-skew-t 3 6 7 1 10 8 19 7|8 76 7
EGARCH 10 7 8 12 5 11 12 6 |8 89 8

AR-ALAR-AS 12 12 3 11 4 10 26 13 | 8 114 9

GJR-GARCH-¢ 13 9 10 13 15 16 10 11 |8 121 10
ALpute -SAV 18 16 17 5 11 20 4 9 |8 125 11
AR-GJR-GARCH-skew-t 5 13 11 19 14 9 17 15 | 8 129 12
AR-EGARCH 16 11 22 15 7 12 21 10 |8 142 13
GARCH-¢ 11 10 12 26 16 17 11 12 |8 144 14
AR-GARCH-skew-¢ 8 19 9 22 17 6 20 14 |8 144 15
ALR-SAV 25 17 14 7 23 21 5 19 | 8 164 16
AR-ALypy1e.-SAV 4 20 19 3 19 22 6 7164 17
GJR-GARCH-normal 21 18 13 14 22 23 13 18 |8 178 18
QAR-QbSD-gSAV 27 22 25 10 13 18 16 16 | 8 184 19
GARCH-normal 2 15 20 17 18 25 14 17 |8 185 20
AR-GJR-GARCH-¢ 15 14 15 20 20 15 22 7 186 21
QbSD-gSAV 26 18 9 13 9 5 199 22
AR-ALAr-SAV 20 21 18 21 24 19 18 7 211 23
AR-GARCH-¢ 17 2 16 25 21 2% 23 7225 24
AR-GJR-GARCH-normal 19 25 21 24 4 2 6 229 25
AR-GARCH-normal 23 26 24 23 25 24 25 7 248 26
GAS 24 23 2 269 27
AR-GAS 2 27 2 276 28

Notes: For explanations, see notes of Table 5.
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Table 7. Ranking of 5% VaR forecasting models based on the MCS procedure using quantile scores

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

QbSD-gAS 1 1 1 12 1 1 1 3 18 26 1

EGARCH 3 3 2 2 2 4 6 5 |8 34 2

ALy -AS 4 19 3 4 5 7 3 1 |8 58 3

QAR-QbSD-gAS 2 2 6 14 4 2 12 4 |8 58 4

AR-EGARCH 11 4 14 7 3 5 7 12 |8 79 5

AR-ALypu -AS 18 11 11 9 8 3 4 2 |8 82 6

GJR-GARCH-skew-t 10 8 4 6 12 10 13 8 |8 89 7

GARCH-skew-¢ 9 5 5 10 10 4 15 9 |8 96 8

ALap-AS 20 18 15 1 7 6 5 7 18 99 9

GJR-GARCH-normal 7 10 10 3 21 11 10 10 |8 102 10
ALaR-AS 17 20 16 17 6 8 2 6 | 8 115 11
GJR-GARCH-¢ 6 6 12 22 9 16 8 14 |8 116 12
GARCH-¢ 8 7 9 25 11 17 9 13 |8 124 13
GARCH-normal 12 9 13 16 16 13 11 11 |8 126 14
AR-GJR-GARCH-skew-t 5 15 7 21 18 18 16 7 160 15
AR-GARCH-skew- 13 16 8 24 17 15 22 7 179 16
AR-GJR-GARCH- 15 12 17 23 14 20 18 7 184 17
AR-GARCH-normal 16 17 18 18 20 12 21 7 188 18
AR-GJR-GARCH-normal 19 13 20 20 24 9 17 7 18.8 19
AR-GARCH-¢ 4 14 19 26 15 22 20 7 198 20
QbSD-gSAV 25 21 22 19 13 25 14 19 |8 198 21
ALpure -SAV 26 26 8 22 26 19 17 |7 215 22
QAR-QbSD-gSAV 22 24 15 19 21 18 | 6 219 23
ALR-SAV 27 27 11 23 23 15 | 6 228 24
AR-ALAr-SAV 21 21 5 19 3231 25
AR-ALypyie. -SAV 24 23 13 24 20 | 5 245 26
AR-GAS 23 25 27 16 | 4 254 21
GAS 21 28 27 3 |3 210 28

Notes: For explanations, see notes of Table 5.
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Table 8. Ranking of 1% VaR and ES forecasting models based on the MCS procedure using AL log scores

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Ave Final
rank rank

AR-GJR-GARCH-skew-t 1 5 3 1 3 3 8 11 8 4.4 1

QbSD-gAS 9 4 6 8 6 1 1 1 |8 45 p

GARCH-skew-t 3 2 1 3 4 5 14 10 8 5.2 3

GJR-GARCH-skew-t 12 3 4 4 5 6 2 9 8 5.6 4

QAR-QbSD-gAS 4 1 22 7 1 12 4 4 |8 69 5

AR-ALxR-AS 5 8 11 11 12 7 7 5 8 8.2 6

AR-GARCH-skew-t 2 16 2 10 8 2 16 12 8 8.5 7

AR-ALyuit.-AS 6 6 12 16 9 11 12 2 8 9.2 8

QAR-QbSD-gSAV 21 15 18 2 2 4 6 6 [ 8 92 9

ALpule.-AS 7 18 10 17 10 14 5 3 8 10.5 10
ALAR-AS 11 14 13 12 7 13 9 8 8 10.9 11
GJR-GARCH-t 17 9 15 6 21 8 3 18 8 12.1 12
AR-ALyuie.-SAV 10 10 5 19 15 20 15 14 8 135 13
AR-GJR-GARCH-¢t 14 7 16 5 19 10 10 7 13.6 14
AR-ALAR-SAV 8 11 7 20 13 16 22 15 8 14.0 15
ALyt -SAV 13 17 8 18 16 19 13 13 8 14.6 16
GARCH-¢ 18 12 14 14 22 9 18 17 8 15.5 17
ALAR-SAV 16 19 9 15 14 17 20 16 8 158 18
QbSD-gSAV 2 20 19 13 11 15 17 7 |8 158 19
AR-GARCH-t 15 13 17 9 20 18 11 7 164 20
GAS 19 21 17 21 19 20 6 21.6 21
EGARCH 23 23 20 21 23 22 19 7T 224 22
AR-GAS 20 21 24 18 21 5 235 23
AR-EGARCH 22 22 23 22 24 5 24.6 24
GARCH-normal 0 28.0 25
GJR-GARCH-normal 0 28.0 26
AR-GARCH-normal 0 28.0 27
AR-GJR-GARCH-normal 0 28.0 28

Notes: A model that is excluded from M\So% for a given stock index is left blank in the table. The remaining models
in M\So% are ranked based on their AL log score t-statistics, with lower values indicating better performance. The
column “#” represents the number of stock indices (out of 8) for which the model is included in ./\//\ISO%. The “Avg.
rank” column reports the average rank across all stock indices, where models eliminated from M\So% were assigned
a rank of 28. The “Final rank” column orders models from best to worst based on their average rank, summarizing

their relative forecasting performance across stock indices. The rolling-window size is R = 1250.
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Table 9. Ranking of 2.5% VaR and ES forecasting models based on the MCS procedure using AL log scores

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

QbSD-gAS 5 2 3 12 1 1 1 1 |8 32 1

AR-ALypu -AS 7 8 8 4 4 2 3 4 |8 50 2

ALpjuie.-AS 11 7 6 8 2 3 2 2 |8 51 3

QAR-QbSD-gAS 1 1 18 2 3 8 4 5 |8 52 4

GJR-GARCH-skew-t 4 6 1 3 9 7 6 7 80 5

ALAg-AS 9 3 5 9 4 5 3 |7 82 6

GARCH-skew-¢ 2 5 4 5 8 6 14 790 7

AR-ALR-AS 8 4 2 15 15 10 17 6 |8 96 8

AR-GJR-GARCH-skew-t 3 9 9 11 11 9 9 7 111 9

QAR-QbSD-gSAV 14 13 14 1 5 11 8 7 118 10
AR-GARCH-skew-t 6 12 7 13 12 5 15 7122 11
ALt -SAV 13 14 12 10 6 1710 7 138 12
AR-ALypu.-SAV 10 18 11 6 10 15 12 7 138 13
ALAR-SAV 17 15 13 7 13 4 11 7 148 14
AR-ALR-SAV 12 17 10 14 14 12 13 7 150 15
GJR-GARCH-¢ 16 10 15 16 16 18 16 7 169 16
QbSD-gSAV 22 22 18 7 13 7 6 181 17
AR-GJR-GARCH-¢ 18 11 19 17 19 16 19 7 184 18
GARCH-t 15 16 16 22 17 19 18 7 189 19
EGARCH 19 19 17 19 18 21 6 211 20
AR-GARCH-¢ 21 20 20 20 20 20 6 221 21
AR-EGARCH 20 21 21 21 20 22 6 226 22
GARCH-normal 0 28.0 23
GJR-GARCH-normal 0 28.0 24
AR-GARCH-normal 0 280 25
AR-GJR-GARCH-normal 0 280 26
GAS 0 280 27
AR-GAS 0 280 28

Notes: For explanations, see notes of Table 8.
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Table 10. Ranking of 5% VaR and ES forecasting models based on the MCS procedure using AL log scores

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

QbSD-gAS 2 1 1 5 1 1 1 2 |8 18 1

ALaR-AS 3 4 2 13 4 2 2 3 8 4.1 2

ALyt -AS 4 6 5 3 3 5 4 4 8 4.2 3

QAR-QbSD-gAS 1 2 14 4 2 4 6 1 8 4.2 4

AR-ALAR-AS 10 9 7 1 5 6 5 5 8 6.0 5

AR-ALpue.-AS 7 15 11 2 11 3 3 6 8 7.2 6

GARCH-skew-t 6 5 4 10 7 8 9 7 9.6 7

GJR-GARCH-skew-t 9 7 3 8 9 7 8 7 9.9 8

EGARCH 15 3 9 9 10 12 7 7 11.6 9

AR-GJR-GARCH-skew-t 5 8 6 15 12 11 6 14.1 10
QAR-QbSD-gSAV 11 16 10 6 6 9 6 142 11
AR-GARCH-skew-t 8 10 8 16 13 10 6 15.1 12
GJR-GARCH-t 12 12 13 18 17 16 6 18.0 13
AR-EGARCH 20 11 16 14 14 14 6 18.1 14
AR-ALAR-SAV 16 18 18 11 22 13 6 19.2 15
GARCH-¢ 13 13 12 26 18 17 6 194 16
ALAR-SAV 21 22 24 17 15 18 11 7 19.5 17
AR-ALyuie.-SAV 17 15 7 21 15 5 19.9 18
AR-GJR-GARCH-¢ 14 14 22 19 20 19 6 20.5 19
ALypur -SAV 20 11 16 22 10 5 |5 205 20
AR-GARCH-t 18 17 23 22 19 20 6 219 21
QbSD-gSAV 22 20 20 8 21 5 219 22
GJR-GARCH-normal 19 21 19 21 25 5 23.6 23
AR-GJR-GARCH-normal 19 24 23 3 258 24
AR-GAS 24 17 2 26.1 25
GAS 23 21 2 265 26
GARCH-normal 22 26 2 271 27
AR-GARCH-normal 25 25 25 2 271 28

Notes: For explanations, see notes of Table 8.
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Figure 1: Time series plots of the daily log returns for the S&P 500, DJIA, NASDAQ), and
EURO STOXX 50 indices over the sample period. Each plot represents the percentage daily
returns computed from adjusted closing prices.
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Figure 2: Time series plots of the daily log returns for the FTSE 100, DAX, CAC 40, and
TSX indices over the sample period. Each plot displays percentage daily returns based on
adjusted closing prices.
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Supplementary material for:
Quantile-based modeling of scale dynamics in financial
returns for Value-at-Risk and Expected Shortfall

forecasting

Xiaochun Liu and Richard Luger

Section A

Tables A1-A12 present comparisons of the mean absolute error (MAE) and root mean
squared error (RMSE) for the QbSD forecasting approach, examining the impact of the
scale-defining quantile level p on the computation of VaR and ES. Specifically, we consider
forecasts based on: (i) individual values of p € {0.05,0.10,0.15,0.20,0.25}; (ii) the mean
over these p values; and (iii) the median over them.

The results are obtained from 1,000 replications for each configuration of the asymmetric
power ARCH model with innovations drawn from the skewed t-distribution, as specified in
the main text. The lowest MAE and RMSE values in each table are highlighted in bold.

Overall, the results in Tables A1-A12 suggest that combining forecasts over multiple
quantile levels p—either by taking the mean or, typically to a slightly lesser degree, the
median—tends to yield lower forecast errors than relying on a single p in isolation. This
advantage of averaging is most noticeable when T is relatively small (e.g., T" = 250; see
especially Tables A1-A4), where individual-p estimates exhibit higher variability. As T
increases to 1250 (Tables A5-A8) or 2500 (Tables A9-A12), the performance gap narrows,
yet the multi-p strategies remain competitive or superior under most DGP configurations.

Although occasional scenarios arise where an individual p may match or slightly outper-
form the combined forecasts (e.g., p = 0.10 in Table A7), no single p exhibits consistent
dominance across the wide range of parameter settings (leverage 6, tail thickness v, skew-
ness A) or sample sizes T'. Consequently, our findings recommend the “mean over p” method
as a robust, practically simple strategy for balancing estimation accuracy and stability in

quantile-based VaR and ES forecasting.
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Section B

Tables B1-B8 report one-step-ahead VaR /ES forecast errors (MAE, RMSE) for the proposed
QbSD models (gSAV, gAS) and benchmarks (skew-t GARCH/GJR/EGARCH, AL-based
joint VaR-ES, and GAS) across data-generating designs varying by 7' € {250,2500}, v €
{5,20}, A € {0,—0.5}, 8 € {0,0.5}, and « € {0.01,0.025,0.05}. Minima are bolded.

For T' = 250 without leverage (Tables B1-B2), conventional GARCH-type models domi-
nate. With symmetric innovations, Normal/Student-t GARCH/GJR achieve most minima;
under left-skew, their skew-t counterparts lead. QbSD models are competitive but rarely
best, while AL-based estimators and GAS trail.

Introducing leverage at T" = 250 (Tables B3-B4) shifts the lead within the GARCH
family: EGARCH frequently attains the lowest errors in symmetric cases, and skew-t
GARCH/GJR often prevail under skewed or heavy-tailed DGPs. QbSD-gAS improves rela-
tive to QbSD-gSAV but seldom displaces the top GARCH variants at this sample size.

With larger samples and no leverage (Tables B5-B6, T' = 2500, ¢ = 0), GARCH/GJR
remain the primary winners. Student-t specifications account for many minima under sym-
metry and heavy tails, whereas skew-t versions excel when A = —0.5. QbSD narrows the
gap but generally does not surpass the best GARCH-type models here.

With larger samples under leverage (Tables B7-B8, 7' = 2500, 6 = 0.5), QbSD-gAS de-
livers many of the lowest ES MAE/RMSE values across a and (v, A) settings, outperforming
AL and GAS and often surpassing standard GARCH models. Two caveats remain: (i) under
symmetric innovations, EGARCH can match or exceed QbSD-gAS for ES RMSE at some «
(e.g., v =20, A = 0 at 2.5% and 5%); and (ii) for VaR the best model can shift with tail
level —EGARCH under symmetry and skew-t GJR-GARCH/GARCH under skewed, heavy-
tailed designs—while QbSD-gAS remains the most robust ES performer under leverage.

Overall, while GARCH-type models (especially skew-t and EGARCH) are very strong at
T = 250 and in several T' = 2500 designs without leverage, QbSD-gAS becomes particularly
effective for ES once leverage is present and the sample is large, delivering broad gains except
in the most extreme skew/heavy-tail scenario. AL-based estimators and GAS underperform

across configurations.
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Section C

This appendix reports additional rolling-window evaluations with R = 250 and R = 2500.
Tables C1-C12 present 90% Model Confidence Set (MCS) rankings for VaR and joint VaR-ES
at the 1%, 2.5%, and 5% levels.

Across windows, indices, and tails, the quantile-based scale-dynamics class performs very
strongly overall. QbSD-gAS is the front-runner with R = 250: it ranks first in most VaR
and joint VaR-ES exercises and is almost always in the top two. Its QAR extension (QAR-
QbSD-gAS) typically follows closely-often finishing in the top three—but its long-window
1% VaR results slip on a few indices (see Table C7).

With the short window (R = 250), patterns are clear. For VaR-only (quantile scores;
Tables C1-C3), QbSD-gAS is the overall top performer at 1%, 2.5%, and 5%. For joint
VaR-ES (AL log scores; Tables C4-C6), skewed-t GARCH/GJR lead at 1% (Table C4) with
QbSD-gAS a close second, while QbSD-gAS returns to the top at 2.5% and 5% (Tables
C5-C6).

With the long window (R = 2500), leadership varies by tail and score. For VaR (Tables
C7-C9), AL-based specifications dominate at 1% (Table C7), QbSD-gAS ranks first at 2.5%
(Table C8), and at 5% EGARCH narrowly takes the lead, with QbSD-gAS essentially tied
on average but second in the final ranking (Table C9); note that both have the same average
rank (1.9), with QbSD-gAS recording more #1 finishes (4 of 8) while EGARCH is slightly
more uniform across indices. For joint VaR-ES (Tables C10-C12), AL-based specifications
lead at 1% and 2.5% (Tables C10-C11), whereas QbSD-gAS regains first place at 5% (Table
C12).

Among benchmarks, skewed-t GARCH/GJR are the strongest non-QbSD competitors
and are frequently retained in the MCS, especially for R = 250 and in VaR-only comparisons.
Normal-based GARCH variants generally underperform on average, with two caveats: (i)
EGARCH is a strong contender at 5% VaR for R = 2500 (Table C9), and (ii) GJR-GARCH-
normal is competitive at R = 250 for 2.5% and 5% VaR (Tables C2-C3). Within the
AL-based family, AS specifications consistently outperform their SAV counterparts. The
gSAV variant of QbSD (QbSD-gSAV) typically trails QbSD-gAS, while QAR-QbSD-gSAV
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most often attains mid-table results.

Overall, these results align with the paper’s main finding: QbSD-gAS is frequently the
strongest—especially with the short window—and remains consistently competitive across
indices and tail levels under the long window; QAR-QbSD-gAS is often close behind. At
the extreme tail and with long windows, AL-based variants tend to lead, and EGARCH is a

notable runner-up at 5% VaR.

Table C1. Ranking of 1% VaR forecasting models using the MCS procedure with quantile scores, rolling
window R = 250

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Ave Final
rank rank
QbSD-gAS 2 4 2 1 2 1 1 4 8 2.1 1
QAR-QbSD-gAS 5 6 6 7 1 5 2 1 |8 41 2
CARCH-skew-t 1 1 1 10 3 11 4 3 |8 42 3
GJR-CGARCH-skew-t 3 3 5 2 5 10 6 2 |8 45 4
GJR-GARCH-¢ 10 2 9 4 8 3 7 8 |8 64 5
AR-GARCH-skew-t 6 5 4 5 4 12 12 5 |8 66 6
CARCH-t 4 9 8 8 11 2 5 9 |8 70 7
AR-GJR-GARCH-skew-t 7 8 7 3 7 8 15 6 |8 76 8
AR-GJR-GARCH-t 9 7 3 12 6 6 9 10 |8 7.8 9
AR-GARCH-¢ 8 10 10 13 9 4 10 11 |8 94 10
CGJR-GARCH-normal 11 11 14 14 10 9 3 12 |8 105 11
QAR-QbSD-gSAV 15 11 9 14 7 16 7 7 13.4 12
QbSD-gSAV 21 19 12 6 12 13 17 13 | 8 141 13
AR-GJR-GARCH-normal 18 18 17 16 17 11 14 |7 174 14
GAS 13 16 19 17 20 14 15 | 7 178 15
AR-GAS 16 17 13 11 18 13 6 180 16
GARCH-normal 19 24 15 18 15 8 6 194 17
EGARCH 20 23 21 13 16 20 6 21.1 18
AR-EGARCH 23 27 15 14 19 5 228 19
AR-GARCH-normal 26 16 19 18 4 239 20
AR-ALypu -AS 17 14 20 3 239 21
AR-ALag-AS 12 18 2 248 22
AR-ALyui.-SAV 14 20 2 25.2 23
AR-ALAR-SAV 12 22 2 252 24
ALAR-SAV 13 1 2.1 25
ALppuie -SAV 15 1 264 26
ALag-AS 22 21 9 264 27
ALpui.-AS 25 1 27.6 28
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Table C2. Ranking of 2.5% VaR forecasting models using the MCS procedure with quantile scores, rolling
window R = 250

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Ave Final
rank rank
QbSD-gAS 2 1 1 1 2 1 1 2 8 14 1
GARCH-skew-t 3 9 9 4 4 6 s 3 |s 40 2
QAR-QbSD-gAS 1 5 18 3 1 4 9 1|8 44 3
GJR-GARCH-normal 5 1 5 11 3 2 3 7 |8 50 4
GARCH-# 8 7 7 9 9 5 49 |8 72 5
GJR-GARCH-¢ 16 9 10 7 3 5 8 |8 74 6
GJR-GARCH-skew-{ 1 3 3 5 6 8 4|7 76 7
AR-GARCH-skew-t 7 8 8 8 8 9 6 |7 102 8
AR-GJR-GARCH-skew-t 6 10 6 7 12 10 5 |7 105 9
GARCH-normal 13 9 10 12 0 11 6 7 124 10
AR-GJR-GARCH-normal 10 11 16 16 12 7 1|7 139 11
AR-GARCH-t 9 12 11 13 14 14 6 16.1 12
AR-GJR-GARCH- 12 14 4 14 15 15 6 162 13
EGARCH 15 17 12 17 5 13 6 169 14
AR-EGARCH 4 20 14 11 7 5 188 15
QAR-QbSD-gSAV 18 18 15 2 13 5 188 16
QbSD-gSAV 25 13 13 6 4 21.1 17
AR-GARCH-normal 16 15 15 20 3 232 18
GAS 24 17 18 3 249 19
AR-GAS 27 10 9 256 20
AR-ALypu -AS 22 16 2 258 21
ALpule.-AS 16 1 26.5 22
AL AR-SAV 17 1 26.6 23
ALar-AS 2% 19 9 266 24
AR-ALsp-SAV 19 1 29 92
AR-ALyyu, -SAV 20 1 270 2
ALyt -SAV 21 1971 o7
AR-ALAR-AS 23 1 27.4 28
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Table C3. Ranking of 5% VaR forecasting models using the MCS procedure with quantile scores, rolling
window R = 250

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | % Ve Final
rank rank

QbSD-gAS 3 1 2 1 1 1 1 3 8 1.6 1

QAR-QbSD-gAS 1 2 6 3 2 2 1 7 5.6 2

GARCH-skew-t 4 3 1 2 6 6 2 7 6.5 3

GJR-GARCH-normal 2 4 4 5 4 3 7 7 7.1 4

GJR-GARCH-skew-t 5 5 3 4 12 10 6 7 9.1 5

EGARCH 7 13 5 13 3 5 8 7 10.2 6

GARCH-t 12 8 9 7 11 7 12 7 118 7

AR-EGARCH 6 16 7 17 5 4 13 7 12.0 8

GJR-GARCH-t 13 7 8 9 15 8 10 7122 9

AR-GJR-GARCH-skew-t 9 9 14 14 7 13 4 7 12.2 10
GARCH-normal 8 6 11 11 10 17 9 7 125 11
AR-GARCH-skew-t 11 10 12 16 8 11 5 7 12.6 12
AR-GJR-GARCH-normal 10 11 13 12 14 9 11 7 135 13
AR-GJR-GARCH-¢ 14 18 10 15 9 14 6 17.0 14
AR-GARCH-normal 16 12 15 10 16 15 6 175 15
AR-GARCH-t 15 15 17 18 13 12 6 18.2 16
QAR-QbSD-gSAV 17 19 16 8 16 5 20.0 17
QbSD-gSAV 20 18 6 18 4 218 18
AR-ALyue.-AS 14 1 26.2 19
ALpuie -AS 17 1 26.6 20
GAS 18 1 26.8 21
ALpue.-SAV 19 1 26.9 22
AR-ALAg-AS 21 1 271 23
AR-GAS 0 28.0 24
ALAR-SAV 0 28.0 25
ALar-AS 0 28.0 26
AR-ALypue.-SAV 0 28.0 27
AR-ALAR-SAV 0 28.0 28
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Table C4. Ranking of 1% VaR and ES forecasting models based on the MCS procedure using AL log
scores, rolling window R = 250

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

GJR-GARCH-skew-t 2 4 2 1 13 11 3 2 8 4.8 1

QbSD-gAS 9 2 6 5 6 1 1 10 8 5.0 2

GARCH-skew-t 1 1 1 3 9 13 4 9 8 5.1 3

QAR-QbSD-gAS 8 7 7 16 1 5 2 1 8 5.9 4

AR-ALyue.-AS 6 3 5 9 8 7 9 3 8 6.2 5

ALpuie.-AS 10 8 3 10 10 12 10 4 8 8.4 6

ALy -SAV 5 6 12 3 4 7 5 7 8.8 7

AR-ALyuit.-SAV 3 5 18 8 5 3 6 7 9.5 8

AR-GJR-GARCH-skew-t 11 11 9 2 14 10 17 7 8 10.1 9

AR-ALxR-AS 4 4 7 4 6 5 6 108 10
AR-GARCH-skew-t 14 12 8 14 11 14 20 6 8 124 11
QAR-QbSD-gSAV 19 17 12 13 16 9 11 8 8 13.1 12
ALaR-AS 7 11 19 12 8 8 6 15.1 13
AR-ALAR-SAV 13 10 6 7 2 5 15.2 14
QbSD-gSAV 20 18 14 4 15 17 12 7 16.0 15
GJR-GARCH-t 17 13 15 11 18 15 14 7 164 16
GARCH-t 15 15 16 15 19 16 13 7 171 17
AR-GJR-GARCH-¢ 18 14 10 17 17 19 19 7 178 18
AR-GARCH-t 16 16 13 18 20 18 22 7 189 19
ALAR-SAV 12 9 2 21 4 195 20
AR-GAS 21 19 21 15 3 244 21
GJR-GARCH-normal 21 20 16 3 246 22
GAS 22 17 18 3 24.6 23
AR-GJR-GARCH-normal 23 1 274 24
GARCH-normal 0 28.0 25
EGARCH 0 28.0 26
AR-GARCH-normal 0 28.0 27
AR-EGARCH 0 28.0 28
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Table C5. Ranking of 2.5% VaR and ES forecasting models based on the MCS procedure using AL log
scores, rolling window R = 250

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

QbSD-gAS 2 1 2 2 7 1 1 7 18 29 1

QAR-QbSD-gAS 1 6 7 11 1 2 5 1 |8 42 2

GARCH-skew-t 3 2 1 6 7 9 4 7 7.5 3

GJR-GARCH-skew-t 4 3 3 4 9 10 3 7 8.0 4

AR-ALyue.-AS 6 5 9 6 5 7 2 7 8.5 5

ALy -AS 8 7 6 7 3 4 8 7 8.9 6

QAR-QbSD-gSAV 12 11 12 1 13 14 8 7 12.4 7

AR-GJR-GARCH-skew-t 9 8 8 5 12 6 6 13.0 8

AR-GARCH-skew-t 11 9 10 10 11 5 6 14.0 9

ALAR-AS 13 12 5 6 2 5 15.2 10
AR-ALAR-AS 21 4 8 3 6 5 15.8 11
QbSD-gSAV 16 13 16 3 14 11 6 16.1 12
GJR-GARCH-t 18 10 14 13 8 13 6 16.5 13
GARCH-¢ 15 15 13 12 10 12 6 16.6 14
AR-ALyuie.-SAV 5 4 9 4 4 16.8 15
ALyt -SAV 7 5 8 4 4 170 16
ALAR-SAV 14 2 3 3 199 17
AR-GJR-GARCH-¢ 19 11 14 16 4 21.5 18
AR-GARCH-t 17 17 15 17 4 222 19
GJR-GARCH-normal 20 15 15 3 238 20
AR-ALAR-SAV 10 14 2 24.0 21
GAS 18 1 26.8 22
AR-GJR-GARCH-normal 19 1 269 23
GARCH-normal 20 1 270 24
EGARCH 0 28.0 25
AR-GARCH-normal 0 28.0 26
AR-EGARCH 0 28.0 27
AR-GAS 0 28.0 28
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Table C6. Ranking of 5% VaR and ES forecasting models based on the MCS procedure using AL log
scores, rolling window R = 250

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Jve Final
rank rank

QbSD-gAS 2 1 1 1 2 1 1 10 8 24 1

QAR-QbSD-gAS 1 4 6 6 1 5 8 1 |8 40 P

ALpuie.-AS 5 5 5 8 5 9 5 4 8 5.8 3

AR-ALyut.-AS 4 4 7 6 8 7 3 7 8.4 4

GARCH-skew-t 6 3 2 3 6 5 13.0 5

GJR-GARCH-skew-t 7 6 3 2 7 5 13.6 6

ALy -SAV 3 2 4 6 4 159 7

AR-GARCH-skew-t 8 9 9 10 9 5 16.1 8

AR-ALAR-AS 7 4 6 2 4 4 16.4 9

AR-GJR-GARCH-skew-t 10 8 9 8 4 184 10
ALAR-AS 3 4 5 3 4 19.0 11
AR-ALyuie.-SAV 3 7 3 3 19.1 12
GARCH-t 9 10 14 11 4 19.5 13
GJR-GARCH-¢ 16 7 12 12 4 19.9 14
GJR-GARCH-normal 13 8 13 14 4  20.0 15
QAR-QbSD-gSAV 15 10 4 3 21.1 16
AR-ALAR-SAV 2 2 2 215 17
AR-GJR-GARCH-¢t 12 11 15 3 222 18
QbSD-gSAV 5 1 251 19
AR-GARCH-t 11 1 25.9 20
GARCH-normal 13 1 26.1 21
AR-GJR-GARCH-normal 14 1 26.2 22
AR-GARCH-normal 16 1 26.5 23
EGARCH 0 28.0 24
AR-EGARCH 0 28.0 25
GAS 0 28.0 26
AR-GAS 0 28.0 27
ALAR-SAV 0 28.0 28
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Table C7. Ranking of 1% VaR forecasting models using the MCS procedure with quantile scores, rolling

window R = 2500

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Ave Final
rank rank
AR-ALAgr-AS 1 1 1 9 3 4 6 5 |8 38 1
AR-ALypur -AS 7 9 6 14 6 6 4 2 |8 68 2
ALnqure -AS 18 2 7 17 4 2 3 3 18 70 3
ALAgr-AS 4 8 9 13 2 20 2 4 |8 78 4
QbSD-gAS 6 25 1 1 1 1 6 |7 86 5
AR-ALyupe -SAV 2 3 3 16 16 18 7 8 |8 91 6
GJR-GARCH-skew-t 17 7 11 3 8 8 14 16 |8 105 7
ALntule -SAV 5 12 4 6 15 21 0 11 |8 105 8
AR-ALAR-SAV 3 4 2 25 11 17 13 12 |8 109 9
AR-GJR-GARCH-skew-t 8 5 15 8 13 10 18 13 |8 11.2 10
GARCH-skew-t 13 17 13 7 10 5 15 14 |8 118 11
AR-GARCH-skew-t 9 10 10 10 14 9 17 15 |8 118 12
ALAR-SAV 6 11 5 23 12 19 16 10 |8 128 13
QAR-QbSD-gAS 26 13 22 5 3 5 1 |7 120 14
GARCH-t 11 14 19 2 17 11 8 22 |8 130 15
EGARCH 19 20 14 5 21 13 20 7 |8 149 16
AR-GJR-GARCH- 10 19 16 24 18 7 12 24 |8 162 17
AR-GARCH-t 16 18 17 15 20 15 11 23 |8 169 18
GJR-GARCH-¢ 12 15 20 26 19 14 9 21 | 8 170 19
QAR-QbSD-gSAV 25 16 21 11 9 16 23 17 |8 172 20
QbSD-gSAV 23 24 4 7 % 22 19 | 7 191 21
AR-EGARCH 21 22 18 12 22 21 27 9 |8 198 22
GAS 14 25 12 27 12 26 6 215 23
GJR-GARCH-normal 22 24 22 19 25 22 19 2 |8 216 24
AR-GAS 15 21 8 23 2% 25 6 220 25
GARCH-normal 20 26 23 18 24 23 21 7229 26
AR-GJR-GARCH-normal 24 28 26 21 28 24 28 18 | 8 246 27
AR-GARCH-normal 23 27 27 20 26 25 24 7 250 28
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Table C8. Ranking of 2.5% VaR forecasting models using the MCS procedure with quantile scores, rolling

window R = 2500

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 Ave Final
rank rank

QbSD-gAS 1 2 1 2 1 2 2 2 |8 16 1

ALyqure -AS 3 4 3 6 7 5 1 1 |8 38 2

AR-ALypur -AS 4 1 7 4 4 4 6 6 |8 45 3

ALAgr-AS 2 3 2 15 5 3 4 3 |8 46 4

EGARCH 6 5 10 1 6 6 3 7 |8 55 5

AR-ALAgR-AS 5 22 4 5 3 1 5 4 |8 61 6

QAR-QbSD-gAS 7 11 24 7 2 7 5 |7 114 7

GJR-GARCH-normal 17 6 15 21 14 14 7 10 | 8 130 8

AR-EGARCH 8 15 19 3 8 23 8 |7 140 9

ALyl -SAV 9 7 9 14 17 25 9 7 148 10
GARCH-skew- 10 16 11 10 11 8 6 152 11
GARCH-normal 13 12 18 20 16 15 8 7162 12
GJR-GARCH-skew-t 15 14 12 16 10 9 6 165 13
GARCH-t 12 9 13 13 15 16 6 168 14
ALAR-SAV 18 8 8 12 22 26 6 188 15
GJR-GARCH-¢ 14 10 14 18 21 18 6 189 16
AR-GJR-GARCH-skew-t 11 17 21 17 20 12 6 192 17
AR-GARCH-skew-t 23 20 20 11 19 11 6 200 18
GAS 13 27 9 22 9 |5 205 19
AR-ALjypure -SAV 16 18 5 19 27 24 6 206 20
QbSD-gSAV 26 26 9 12 10 5 209 21
QAR-QbSD-gSAV 25 23 25 8 13 17 6 209 22
AR-GJR-GARCH-t 19 24 17 24 18 13 6 214 23
AR-ALAR-SAV 22 19 6 22 25 27 6 221 24
AR-GJR-GARCH-normal 20 28 22 26 24 19 12 | 7 224 25
AR-GARCH- 24 25 16 23 23 21 6 235 26
AR-GARCH-normal 21 27 23 25 26 20 6 248 27
AR-GAS 27 21 28 11 | 4 249 28
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Table C9. Ranking of 5% VaR forecasting models using the MCS procedure with quantile scores, rolling

window R = 2500

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ~ve Final
rank rank

EGARCH 2 2 2 2 2 1 2 2 |8 1.9 1

QbSD-gAS 1 1 1 3 1 2 3 3 18 1.9 2

ALppuie.-AS 4 4 3 5 5 3 4 6 | 8 4.2 3

ALAR-AS 6 3 15 6 3 5 1 5 | 8 55 4

QAR-QbSD-gAS 7 7 6 4 6 8 11 1 |8 62 5

AR-EGARCH 8 6 4 1 11 6 7 8 |8 64 6

AR-ALAR-AS 3 5 26 8 4 4 5 4 |8 74 7
AR-ALypu -AS 5 8 5 7 21 7 6 7 |8 82 8

GJR-GARCH-normal 16 12 11 10 9 14 9 |7 136 9

GARCH-normal 15 14 13 12 10 15 6 169 10
GARCH-t 18 18 14 8 15 13 6 17.8 11
GJR-GARCH-¢ 20 19 12 7 16 12 6 17.8 12
GJR-GARCH-skew-t 10 9 7 13 20 5 179 13
AR-GJR-GARCH-normal 9 21 17 25 12 21 11 |7 180 14
GARCH-skew- 12 10 9 14 2 22 6 181 15
QbSD-gSAV 22 16 20 13 15 8 6 188 16
AR-GJR-GARCH-¢ 17 26 24 9 14 18 6 205 17
GAS 28 9 28 17 16 10 | 6 205 18
ALAR-SAV 21 17 16 12 23 17 6 202 19
AR-GARCH-normal 13 20 19 22 13 20 6 204 20
AR-GAS 13 27 17 11 9 5 201 21
AR-GJR-GARCH-skew-t 11 11 10 16 19 5 189 22
ALt -SAV 26 24 21 10 20 10 6 209 23
AR-GARCH-t 19 27 22 18 18 19 6 224 24
AR-ALypu.-SAV 24 23 18 11 26 23 6 226 25
QAR-QbSD-gSAV 23 22 23 20 22 5 249 26
AR-ALR-SAV 25 25 25 27 4 268 27
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Table C10. Ranking of 1% VaR and ES forecasting models based on the MCS procedure using AL log

scores, rolling window R = 2500

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

AR-ALAR-AS 1 6 1 10 1 4 3 5 8 3.9 1

AR-ALypus.-AS 6 1 6 12 4 5 2 8 8 5.5 2

QbSD-gAS 15 3 14 4 2 3 4 1 8 5.8 3

ALyt -AS 12 2 11 14 3 1 6 4 8 6.6 4

GJR-GARCH-skew-t 9 7 7 2 5 7 7 16 8 7.5 5

AR-ALypuie.-SAV 2 5 3 15 12 16 9 7 8 8.6 6

QAR-QbSD-gAS 11 4 11 11 2 5 3 |7 94 7

GARCH-skew-t 7 20 8 7 7 6 8 15 8 9.8 8

ALypur -SAV 4 12 4 9 13 18 12 6 |8 98 9

ALAR-AS 13 9 13 6 14 1 2 7 10.8 10
AR-GJR-GARCH-skew-t 5 8 12 5 15 10 18 18 8 11.4 11
AR-ALAR-SAV 3 19 2 18 10 20 10 10 8 11.5 12
AR-GARCH-skew-t 10 11 10 8 16 9 16 17 8 12.1 13
ALAR-SAV 8 13 5 20 14 19 11 9 8 12.4 14
QAR-QbSD-gSAV 21 10 13 6 9 15 15 13 8 12.8 15
GARCH-¢ 16 14 15 3 18 11 13 20 8 13.8 16
QbSD-gSAV 23 21 17 1 8 17 17 11 8 14.4 17
GJR-GARCH-¢ 17 15 20 22 19 12 14 19 8 17.2 18
AR-GJR-GARCH-¢ 19 16 18 21 17 8 20 21 8 17.5 19
AR-GARCH-t 20 18 19 16 20 13 19 22 8 18.4 20
AR-GAS 14 17 9 21 22 5 209 21
GAS 18 24 16 22 21 21 6 222 22
EGARCH 22 22 17 22 12 5 22.4 23
AR-EGARCH 23 19 23 14 4 23.9 24
GJR-GARCH-normal 24 24 23 3 264 25
GARCH-normal 23 25 2 27.0 26
AR-GARCH-normal 25 1 276 27
AR-GJR-GARCH-normal 26 1 278 28

33



Table C11. Ranking of 2.5% VaR and ES forecasting models based on the MCS procedure using AL log

scores, rolling window R = 2500

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank

AR-ALypue.-AS 1 2 6 1 1 1 4 5 8 2.6 1

ALpui.-AS 6 3 1 3 6 4 2 2 8 3.4 2

QbSD-gAS 5 1 8 2 3 5 5 1 8 3.8 3

QAR-QbSD-gAS 3 4 12 5 5 6 6 3 8 5.5 4

ALAR-AS 2 5 4 21 4 2 3 6 8 5.9 5

AR-ALR-AS 4 20 9 4 2 3 1 4 8 5.9 6

GJR-GARCH-skew-t 10 6 11 7 9 8 12 7 114 7

ALyt -SAV 7 7 5 6 13 18 8 7 11.5 8

AR-ALypue.-SAV 8 10 3 10 17 16 9 7 12.6 9

GARCH-skew-t 9 19 10 9 10 7 11 7 129 10
ALAR-SAV 13 12 7 17 8 21 7 7 14.1 11
AR-GJR-GARCH-skew-t 11 8 16 14 15 11 14 7 14.6 12
AR-GARCH-skew-t 18 11 15 12 16 9 15 7 155 13
AR-ALAR-SAV 12 26 2 18 7 22 10 7 15.6 14
EGARCH 19 9 11 23 19 13 7 7 16.1 15
QAR-QbSD-gSAV 14 16 17 8 12 10 6 166 16
GARCH-t 15 14 13 16 18 15 16 7 169 17
GJR-GARCH-¢ 16 15 14 19 21 17 6 19.8 18
QbSD-gSAV 23 22 13 14 12 18 6 19.8 19
AR-GJR-GARCH-¢ 17 17 19 22 19 13 6 204 20
AR-EGARCH 20 13 15 24 23 17 6 21.0 21
AR-GARCH-t 21 18 18 20 22 20 6 219 22
GAS 23 20 27 11 14 5 22.4 23
AR-GAS 22 24 21 20 26 5 24.6 24
GJR-GARCH-normal 21 24 24 23 3 26.1 25
GARCH-normal 25 23 25 3  26.6 26
AR-GARCH-normal 25 1 276 27
AR-GJR-GARCH-normal 26 27 2 276 28
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Table C12. Ranking of 5% VaR and ES forecasting models based on the MCS procedure using AL log

scores, rolling window R = 2500

S&P DJIA NASDAQ STOXX FTSE DAX CAC TSX | 4 ‘e Final
rank rank
QbSD-gAS 2 2 2 1 1 5 3 2 |8 22 1
AL ~AS 3 1 1 4 4 1 4 4 |8 28 2
ALr-AS 5 8 14 8 3 3 1 3 |8 56 3
QAR-QbSD-gAS 4 3 20 2 6 6 5 1 |8 59 4
AR-ALAR-AS 11 7 5 20 2 4 2 6 | 8 7.1 5
AR-ALyyie -AS 1 6 8 5 5 2 5 |7 75 6
EGARCH 9 4 22 6 8 7 7ol 7 1147
AR-EGARCH 12 5 25 3 11 8 8 |7 125 8
GJR-GARCH-skew-t 7 9 3 12 16 13 6 145 9
GARCH-skew-t 8 11 4 9 17 15 6 150 10
AR-GJR-GARCH-skew-t 6 10 10 16 18 11 6 159 11
GARCH-t 10 13 16 10 15 12 6 165 12
QAR-QbSD-gSAV 15 12 11 7 12 22 6 169 13
AR-GARCH-skew-t 17 14 7 14 19 16 6 179 14
GJR-GARCH-¢ 13 15 17 18 13 14 6 182 15
AR-GJR-GARCH- 14 18 24 21 14 10 6 196 16
AR-ALyqu1c.-SAV 18 20 6 13 24 24 6 201 17
ALAR-SAV 20 17 12 22 9 5 205 18
AR-ALAr-SAV 21 23 9 19 10 5 208 19
AR-GARCH-¢ 16 19 23 17 21 17 6 211 20
ALt -SAV 19 16 13 15 22 5 211 21
QbSD-gSAV 22 21 21 11 20 23 6 218 22
GAS 15 23 9 3 234 23
GJR-GARCH-normal 25 22 19 23 25 18 6 235 24
AR-GAS 25 18 7 3 238 25
GARCH-normal 23 24 24 19 4 252 26
AR-GJR-GARCH-normal 24 26 26 20 4 260 27
AR-GARCH-normal 26 27 25 21 4 26.4 28
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